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COMPLEX NUMBERS

1.1. Introduction:

In this Chapter we briefly discuss about the introduction of complex
numbers, algebra of complex numbers, complex conjugate, modulus
,amplitude of complex numbers. This is followed by cube roots of unity
and De- Moivre’s Theorem to find the nth roots of complex numbers.

After completion of this chapter we will be able to use
complex number concept in electricity to find amplitude ,impendence,
etc. and imaginary number in signal processing in Radar system and also
in biology(Brain waves).

Real Numbers(R):

It is a fundamental fact about real numbers that the square of any real
number is never negative.
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Thus there is no real 'x" which satisfies the equation x2 + 1 = 0 .We shall
extend the Real numbers set which include numbers which satisfy such
equations.

The equation x2 + 1 = 0

Imaginary Numbers:

Let us represent vV—1 as ‘i’(imaginary unit)
i=+-1
i?=ii=vV-1.J-1=-1
iZ=-1

. o1, . . .
20, —3i, b V3 i,etc are imaginary numbers.

1.2 Complex Numbers:

A number of the form a + ib where 'a’ and 'b’ are real numbers and i =
v—1 is said to be complex number.

Complex Numbers

A Complex Number consist of a
Real Part and an Imaginary Part

a+bie. -

Real Part Imaginary Part | = --,,."—]




Complex Numbers Set
C={a+ib|a,b€Randi=\/—_1}

If z=a+ibisacomplex number then

Real part of z = Re(z) = a

Imaginary part of z =Img(z) = b
Example 1.1

If z=2+3ithenRe(z) =2andImg(z) =3

Example 1.2
Ifz=2=2+i.0thenRe(z) =2,Img(z) =0

ja +i10la € R, 1 =/ —1} (purelv real numbers)

If z=—4i =0+ (—4)ithen Re(z) = 0,Img(z) = —4

10 +1bh|b € R, 1 =+/—1¢ (purely imaginarv numbers)
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Algebra of Complex Number s

If lea‘l'ib,ZZ:C‘l'id




1) Addition: zi+z,=(a+c)+i(b+d)
2) Substraction: z; —z, = (a—c¢) +i(b—d)
3) Multiplication: z,.z, = (ac — bd) + i(ad + bc)

Multiply Complex Numbers

(a+ &} ¢+ di)
= c(a+ bi)+ di(a+ bi)
= ac + bt + adi + bdi® <

ac — bd +(bc+ ad)i

Exarmales:

(24| Fa5) (Ga+3FpT |
=32+ A7)+ Si( 2+ 4d) T(6+ 3 )—i{ 6+ 3i)
G 125 & 105+ 206" 12 + 2l —6é — 3F°
&— 20+ 22 12 + 3+ 15
14 + 22 15 + 15+
Properties of Addition:

It is clear from definitions that
z=x+1iy,z;—a+ib ,z,=c+id ,0=0+i0,1=1+1i0

(i)  Closure property: z; + z, € C

(i)  Commutative property: z; + z, = z, + 24

(iii) Additative Identity: z4+0 =0

(iv) Additative inverse:z + (—z) = 0 where —z = —x — iy

Properties of Multiplication:

(i)  Closure property:z,.z, € C

(i)  Commutative property: z,z, = z,2,

(ili)  Associative property:(z,2,)z; = z,(2,23)
(iv)  Multiplicative Identity: z.1 = z

(v)  Multiplicative inverse:izz"t =1 if z# 0




Complex Conjugate:(z)

If z=a+ib then Z=a—ib

Given a complex .
number Its conjugate
a+ bi a—bi
a— bi a+ bi
Examplel.4

Ifz=2+3ithez=2-3i

Examplel.5

If z=—4ithenz = 4i

Modulus (]z]) :
If z=a+ibthen modulus of zis |z| = /az + b?
Examplel.6

Ifz=243i then|z| =V22+32=+/4+9 =+/13

Example 1.7
If z=3ithen|z| =V0%+3%2=3
Example 1.8

If z=5then |z| = V5% + 02=5

Argument (argz): If z=a+ ib then argument of z = argz = tan‘lg
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Examplel.9

1
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If z=2+ 3i thenargz = tan™

Method to find argument of z=x+iy

Step 1: Find @ = tan™?! |§| and this gives the value of « in the 1% quadrant.

Step 2:Find the quadrant in which z lies with the help of sign of x and y co-
ordinates.

Step 3: Then argz = 0 willbe a,m — a,a —mand (—a) accordingas z
lies in the first,second,third and fourth quadrant.

Example 1.10
Find the argument of z = —1 4 iv/3 ?
Ans- z=—1+iV3 - (=1,V3)

Since this is a point in the second quadrant so argz=argz =60 =nm — «a
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Where ¢ = tan~! |§| =tan~ ! |_£1|
= a =tan 13
= tana = V3

s
= tana = tan;

T
S>a=-
3
s~ O=argz=m—«
=T —g — (Ans)
Multiplicative Inverse :
If z=a+ ib,z # 0 then multiplicative inverse of z=2z"1= i = ajib
a-ib

~ (a+ib)(a—ib)

__a-—ib
T a2—i2p2
_ a—ib _z
T a?+b? |z]
1 a b _Z
a? + b2 a?+ b? |z|

1.3 Geometrical Representation of a Complex Numbers:

The complex number z = a + ib is represented by the ordered pair (a, b)

z=a+ib- (ab)




X-axis — Real axis ( real part complex number is represented by X-axis).
Y-axis — Imaginary axis (imaginary part is represented by Y-axis)

Cartesian plane - Complex plane (There exist a one to one correspondence
between the elements complex set and point on this plane)

Complex plane— Argand plane (As the identification of a complex number
on aplane was proposed by Jean —Robert Argand)

Tt
Ai A Z=x+iy
(ﬂ* b} -}]' ...... :
r/y
F ‘u.lqo ! o
b 0o x > %
- ‘ > r :
ﬂ il R __‘1,-" |
Y Z=Xx—1y
Polar Representation:
F(z)
z=a+bi = |z|e"
bl .
" i'r'Hiuﬁ
;| R(z)
U 'F'L'UHIE'I' )
zZz=a+ib,

|z| =/ a? + b?

0 =argz




In the triangle sin 8 = g
=>b =rsind
cos =2
T

a=rcosf@

Polar form
a+ib=rcosf@+irsinf =r(cosf +isinf)

Example :1.11

Represent z = 4 4+ i8 diagrametically in the complex plane.

-10

- - .- .- -
o0

o
g8
§

Example:1.12

Express z =1 in polar form.

Ans: z=1,
|z]| =124+ 02=1=7r

0
= tan_li =tan"10=0

QI

1=1.cos0+il.sin0=cos0+isin0
As cos(2km + 0) = cos O

sin(2kmr + 6) = sinf




1 = cos(2km + 0) + i sin(2km + 0)

1 = cos(2km) + isin(2kr) k=0,1,2,.....

Example 1.13

Express z =141 inpolar form.

Ans:z=1+4+1

lz| =12+ 12 = /2,

1 T

f=tan"'—=tan"'1=—

an 1 an 2
z=1+4+i=rcos@ +irsiné

T T

=2 Cosz+i\/§sinz

=2 (cos(an + %) + isin(2km + %))

1.4 Properties:

If z,,z, are two complex numbers then

(i) zy+z,=2;+ 7,
(i) Z1Zy) = 717
Z1\_ 24
(iii) (ZZ =— 2 %0
(iv) |21. 2,| = |21]|2,]
Z1 |z |
v 2l ==
( ) ) |z

(vi) arg(z,z,) = argz, + argz,

(vii) arg (z—l) =argz, —argz,
2

10

(Ans)
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PROBLEMS 1(A)

Problem 1.1

3450 .
Express the 2_—3i ina +ib form.

345 _ (3+50)(2+30)

Ans: o= , .
2-3i (2-31)(2+30)

_ 6-15+i(10+9)
o 4—i232

_ —9+i19
4+9

=242 (Ans)
13 13

Assignment 1.1

Express the following in a + ib form.

1)

2+3i
5-2i

(1+i)*

255

1+i
3) 1

Problem1.2

: : 1-i

Find the conjugate of — .
3+i

1-i _ 1-DB-D

ANns. z = =
3+i (3+i)(3-1)
_ 3-1+4i(-1-3) _ 2-4i _2-4i _ 2 .4 1 j
- 322 " 9+1 10 10 10 5

_ 1.2
z=c+ic (Ans)




Assignment 1.2

Find the conjugate of the following complex numbers
3451
2-3i

1)
1+i

2
3) 2+31.
5-21

Problem1.3

Find the multiplicative inverse of 3 + 5i

1 (3-50)
3450 (3+50)(3—-50)

Ans: (3+5i)7 1=

_ 3-5i
T 32-(50)2

3-5i 3-5i 3 .5
T 9-(-25) 34 24 124 (Ans)

Assignment 1.3
Find the multiplicative inverse of

1) 3+ 2i (2) 3i  (3) 1—i
Problem 1.4
Find the modulus of (1 + i)2.
Ans:z=(14+)%2=1—-1+4+2i=0+2i.
alzl =V02 422 =4 =2 (Ans)
Assignment 1.4.

Find the modulus of the followings.

3+4i . 1-i
) 3-2i 2) 4 3) 1+2i

Problem 1.5

12
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Find the argumentofz =141i?
Ans- z=1+i- (1,1)
Since this is a point in the 1st quadrant so argz=argz = 6 = «
Where ¢ = tan™?! |X| =tan~! |l|
X 1
=>q=tan 11
= tana =1
= tana = tan%
s
S>a=-
4

~O=argz=«a

s
= (Ans)
Assignment 1.5
Find the argument of the followings.
V3 —i 2)—14+i 3)—1-i 4)1 —i

Problem1.6

Represent the complex number 3 + 2i,—3 + i3.5,1 — 4i in the complex
plane.

Ans:  The given complex numbers are represented by the following points

3+2i—-(32),-3+i3.5->(-3,3.5),1—4i - (1,—4)
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Assignment 1.6
Represent the following complex numbers geometrically in the Argand plane
() —-14+i6 (ii)—2—-4i (ii)1—i (iv) 3i

Problems .1.7

3=i%i=(-1D.i=—i
t=Bi=(Di=-i*=—-(-1D=1

im="H"=1"=1,n€ez

An+1

[ =i
i4n+2 = -1
l-4n+3 = —i
Find the value of 1011
Ans: (1011 — j4X252+3 _ ;4x252;3 _ ;3 _ _; (Ans)

Assignment 1.7
Find the value of

())(—i)*™*3 where n is a positive integer.  (ii) (=)'  (iii) i*°
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1.5 Cube roots of uniw:(1)1/3

Letx = V1

= x3=1
>x3-1=0
> x—-Dx*+x+1) =0
5x—1=0,x%?+x+1)=0
= x = 1(real root) x? + x + 1 = 0 (quadratic equation)

—1+iV3
2 X = '8

_ -1-i3

cx=1, x=a= , are the cube roots of unity.

Properties:

(i) a=p,p=a

In otherwords .the two comnlex roots are coninoates of each other.

(ija® =B ,f* =«

In otherwords the sonare of anv comnlex root is the other comnlex

—-1+iV3 -1-iv3
(i) If w = then w? = .
2 2
So cube roots of unity are 1, W, "

(iv)Since w is the root of the equation x3 =1

> wd=1
[ |

w3n — (w3)n =1

w3n+1 = w

e
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(vi) Since w is the complex root of x3 —1 = 0.
i.e. w istherootof x2+x+1=0
So w+w+1=0

Example 1.12.
Prove that (1 + w?)* = w where 1, w, w? are the cube roots of unity.
Ans. L.H.S.=(1+ w?)*

= (—w)* Asw?+w+1=0)

= w?

= wdw

=w (Asw3=1)

=R.H.S (Proved)

1.6

De-Moivres Theorem (for integral index)

(cos@ +isinf)" = cosnb + isinnf for any integer.

De —Moivres Theorem (for the rational Index)

P
(cos@ +isinf)a

= cos(%@) + sin(s 0)
where g a rational number with g > 0.

Application:

Example 1.12

Find the cube roots of unity.

Ans : x=1

1
= x = (cos 2mk + isin 2mk)3

= cos? + isinzglk k=0,1,2
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k=0:x=cos0+isin0=1+i0=1

.. 1 V3 27
k=1:x=cosz?"+lsm2?"=—5+l‘/7_ (4s ?=120)

271’3)(2 + iSiI’l 27I3X2

k =2:x = cos

= (cos*T +isin®f) = -1 —i¥ (Ans)

(As sin%n = sin (n + g) = —Sing = —\/;)
If a=r(cos@ +isinf) then
zZ = r% {cosM + isinw} k=0123,...... n—1
PROBLEM 1 (B)
Problem 1.1
If 1, w, w? are the cube roots of unity prove that
(1-w+w?)’+(1+w-—w?)>=32
Proof: Since 1, w, w? are the cube roots of unity ,so w3 =1
and 1+ w+ w?> =0
14w = —w?
14+ 0w’ =-w
0+ w?=-1
LHS=(1-w+w?)*+ 1+ w-—w?®
=1+’ -w)’+1+w—ow?)’
= (~w — w)® + (—w?-w?)° 1+w=-w?l+w?=-w

= (—2w)® + (—2w?)"

— (—2)5(1)5 + (—2)50)10
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= (=2)°(w® + 0%

= (-2)*(w* + ) (0"=1)
= (=2)°(-1) (w+ w? =-1)
= (-32).(-D)
=32=R.H.S (Proved)

Assignment1.1
If 1, w, w? are the cube roots of unity prove that

(i) Ql-w+0d)(d+w-—w?)=4%

() 1-w)(d-0)A-0H(1-w’)=9

(i) I—-w+w?) 1 -w?+o)1 - o*+ w?)...to 2n factors = 22"
(iv) Evaluate " Z:| :

—w®

(v)  Find the value of (1 —w + w?) (1 + w + w?)

Problem 1.2

If x+§:2c059 then show that x“+xin=ZCosn0.

Ans: Given x + % = 2cos@

x%+41

= 2cos6

= x% + 1 = 2xcosf

= x2 + c0s%0 + sin?0 = 2xcosO
= x2 + c0s%0 — 2xcos0 = —sin?6
= (x — cos0)? = i%sin?0

= x — cosf = *i sinf

= x = cosO *+ i sinf




let x = cosO + isinf
x™ = (cosO + ising)"

= cosnf + isinn@  (De — Moivres Theorem) ... (1)

1
— = (cosB +isin®) ™ = cos(—n0B) + isin(—nh)

xn
= cosnf —isinnd (De — Moivres Theorem) ... (2)
From equation (1) and equation(2)
x™ + — = 2cosnf (proved)

xn

Assignment1.2

(i) If x+i: 2 cos® then show that x™ — — = 2 i sinnd.

X
(i) Find the 1+ .

(i) Find the cube roots of 1 + i.

Problem 1.3

Find the square roots of 3 + 4i .
Ans: Letx,y € R suchthat
x+iy=+3+4i
Squaring both sides
(x +iy)?> =3+ 4i

= x2+ (iy)?+2.x.iy =3+ 4i

>x2—y?+i2xy=3+4i (As i2 = —1)

19




Equating the real and imaginary parts
x2 =y =3 ... ()
2xy =4 ..........(2)
(a+ b)? = (a—b)? + 4ab
So (xZ + y2)2 — (xZ _ yZ)Z + 4x2y2
= (x* +y?)? = (x* —y?)* + (2xy)?
Using x* — y?> = 3, 2xy = 4 we have
(x2+y2)?2=3)2+4)*=9+16
= (x2+y%)%* =25

But since x2 + y? is non-negative , so we have
>x24+y2=5.inun...(3)

From equation (1) and equation (3)

x2—y2=3

x*+y*=5
= 2x* =8
=>x =2

When x = +2 then y =14
But 2xy =4
As the productof x and 1y is positive,

= x and y have same sign.

Thus if x=2=>y=1 , sox+iy=2+i.1

20
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Ifx=-2>y=-1 ,sox+iy=-2+i(-1)=-2—-1i

SV3+4i=X(2+10) (Ans)
Assignment 1.3
Find the square roots of

(i) —15-8i (ii))—7+24V—-1 (i) =5+ 12i (iv) —8++V—1




