E-LEARINING MATERIAL ON ENGG MATH-II BY J K MALIK , GP BARGARH

LIMITS

Mlathematical quantities can be divided into two (i) constants and (ii) Variables
The quantitity which does not change in its value is called constant.
Constants can be divided (i) Absolute constants and (ii) Arbitrary constants

Absolute constants are those which retain in values at any time and at any place.

Examples:
—11
Numbers 5, -7,3, — , 7, e, \/5 , \/5 ) eeerreeeeaans etc. are absolute constants.
Arbitrary constants are those which are constants in a particular problem but changes from problem
to problem. They are represented as a, b, ¢, f, g, h, ............. etc.
Examples:

(i) ax+by+c=0 —a,b,c

(i) x*+y*+2gx+2fy+c=0—1, g h........ ex.

Variables are those which vary in their values. They are represented asu, v, w, X, y, z, 0, ........
Variables can be divided into two (i) Independent variable and (ii) Dependent varaible.

In the equation y = x%x is the independent variable and y is the dependent variable depending on x

For example, if x takes the value 2, y takes the value 4. If x takes -3, y takes 9 ........ etc.

The relation or equation or connection between two variables is called a function and is denoted as
f(x).

Example: y = f(x) = x? or sin x.

The value of f(x) at x = a is f(a) and is called the functional value of f(x) at x = a.

If for every function, if the functional value at every point of its domain exists, there is no need to
study Limit chapter and from that the famous CALCULS.

2

0
For example, f(x) = X 24 at x =2 i.e, f(2) does not exist, since f(2) = 0 the indeterminant quan-
X p—

o0

tity. Similarly there are two more indeterminant quantities — and oo — oo.
o0

2

But, as x approaches 2, f(x) = X 24 will approach 4.

X 1 1.5 1.9 1.99 | 1.999 | 1.9999 | ...... —2
y= x*—4 3 35 39 399 | 3.999 | 3.9999 | ...... — 4
x—2

2
Hence the approachment value 4 of the function X 77 asx approaches 2 is called the limit value

of the function.

Definition of Limit:

When the variable x approaches a constant a and if the function f(x) approaches a constant /, then
[ is called the limit value of f(x) as x approaches a and is denotd as

Lt f(x)=1

X—a
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Results :
D) LIF()+ g(x)]= Lt f(x)F Lt g(x)
2) xI:;ca[k f(x)]= kintaf (x), where k is a constant
3) Lt [f(x).g(X)]= Lt f(x). Lt g(x)
bt [f(x)}: L)
g0 Ltg)

, provided Lt g(x)= 0

Formulae:

n n

X —a

1) Lt
Xx—>a X —a
2) Lt sin® 1

0

X—a

=na""', for all values of x.

3) Lt tan 0

X—a

=1, 0 in radians
Now,

Lt smn@z t[smne .n}

00 e 00

smﬁMﬂ%(}%mif9=rl

WORKED EXAMPLES
PART - A

3x%+2x+1

1. Evaluate eﬁom )

Solution:

3x7+2x+1  3(0)*+2(0)+1
0505x> + 6x+7  5(0)°+ 6(0)+ 7

1
7
3x% + 4x
2. Evaluate =5 5.2
Solution:

2
Lt 33X+ 4)2( L x(3x —4)
x>05x —7x° x20x(5-7X)

_3.0-4




sin76

3. Evaluate: Lt
00

Solution:
Lt sin’70 Lt [sm 70 ‘7]
00 9 00 76
7Lt sin70
00 70
- 7.1
7
PART - B
. Evaluate: Lt 7 _dx+13
Solution: X2+ x_2 1+1-2 2.2 0 _
= = = o Indeterminent

t -

o1x” —4x+3 1-4(1)+3 4-4
x*+x-2 Lt (x+2)(x-1)
olx? —4x+3 sl (x-1)(x-3)

_ L X+ 2
x>l x —3
2 3 _ 3
1-3 =2
10 10
2. Evaluate 1t X —2 .
x>2 X —2
Solution:
10_210 n__ .n
Lt X -10.2"" [By F1 Lt =—2 = pa"']
x—2 X — x—>a X —@a
=10.2°
=10x512
=5120
Jxa
3. Evaluate Hta x—a -
Solution:
_ hooh
Lt*/; J;:th a
X—a X—a X—a X—a
=l.a%71
2
:la_%
2
Lt
Z.alz 2\/5



sin 5x
4x

4. Evaluate into

Solution:

Lt sin 5x _ l Lt sin 5x _ l Lt sin 5x <5
x>0 4x 4 x-0 X 4 x>0 5x

By E
_lXSLtsinSX y '26
470 5x |
x—0 e
5
ER
4 4
tan” 5x
5. Evaluate XI;tO X2
Solution:
2 2
Lt tan 25x Lt [tanij
x—0 X X—a X
2
_ Lt [tanSx.S}
x—0 5x
By E
_ Lt[tansxj2x25 T 0
Sl 5x e a9y
050 0
2
_ s Lt(tanij
x—a 5x
=25.1"=25
PART - C
x’ —243
1. Evaluate Lt ———.
x»3 x° -0
Solution:
5_24 5_ 5
Lt X : 3: L x2 3
x=>3 x° -0 x>3 x“ -9
5 5
Lt x -3 )24 32
-3 x-3 x°-3
5 5 2 2
Lt x’ -3 /x -3
-3l x -3 x—-3
5 5
Lt3X i
X—> X —
= NN [By R4
Lt
x»3 X —3
53" 53¢
2371 23
5 5 135



J_ 4k
2. Evaluate : XI;E x% - 4%

Solution:
Lt x4t Lt_X%_4% x4_|
2 T X
x—4 X% . 4% x—4 x -4 X% . 4%
AN A
= Lt
x4 x—4 x—4
T4k
Lt X 4
_ x—4 X 74
%_anh
L X2 =4
x—4 X —4
7
Tt 145
g 4%71 g . 47%
3’ 3
—Zxéx4%+%=z4%
3 2 2
¢ sin 80
3. Evaluate g55%,139 -
Solution:
Lt sin 80 L sin 80 N 30 ><§
6->0tan30 -0 8O tan30 | 3
sin 80 / tan30 ] 8
= Lt X —
00| 80 30 3
sin 80
t
_ §940 80
3 tan30
-0 30
_81.8
3'1 3



DIFFERENTIATION

Lety =1(x) (1) be a function of x.
Let Ax be a small increment in x and let Ay be the corresponding increment in y.
Sy + Ay = f(x + Ax) —2)
2)-(1) Ay=f(x+Ax)—1(x)
Ay f(x+ Ax) - f(x)
TAX Ax

Taking the limit as Ax — 0,
Lt ﬂ: Lt f(x+ Ax)—f(x)

Ax—>0 AX  Ax—0 AX

Lt Ay is called the differential coefficient of y with respect to x and is denoted as dy .

Ax—0 AX dx
by _ Lt f(x+ Ax) —f(x)
’ dx Ax—0 AX

List of formulae:

) i(x“) =nx"", n areal number
dx

d 1 d o d 1
@) —(Vx)= e Og=e (4)  (logx) =
(5) i(sin X)= COSX (6)i(cos X)= —sinx

dx dx
(7 i(tan X)=sec’ X ®) i(Cot x) = —cosec’x

dx dx

9) i(sec X)=secXtanx (1 O)i(cosec X)= —Cco0sec X cot X
dx dx

Results:

1) If u and v are functions of x,
i(u-_F V)= d—ui av
dx dx dx

2) i(ku): kg_u, where k is a constant.
X

3) 4 (any constant) =0
dx

4) Product Rule of Differentiation
If u & v are two functions of x,

d dv. du
—@v)=u—+v—
dx dx  dx




dw
5) |=—(u v w)=uv—+ vw—+ wu—|, where u, v and w are function of x.
dx dx dx dx

6) Quotient Rule of Differentiation

If u & v are functions of x,

du g

vV——u
i(ﬂ) __dx dx
dx\v v?

WORKED EXAMPLES
PART - A
. dy . N o o1
Find == if 1) y=— Hy=x>+2 n)y= —
" Dy=3 (i) y 1 (i) y N
(iv)y=Jx (v) y= Sinx (vi) y= ox + x*
Solution:
. 1 2
(1)y=7=X’
Ay a2
”dx_dx(x )=-2x"= =
(i)y=x*+2
dy d 3 d 3 d 2 2
L= — X+ 2)=—(X)+—(2)=3x"+0=3
dx dx(X ) dx(x) dx() X X
(i) y= == L _xh
X
1 L 3
d_y:i(xé):_l 21:—lx42— 1%
X 2 2x
() y=x =
dy d w1 2o 1 v 1 1 1
dy:d_(xé) —x 2 =—XA=— 7=
X X 2 2 2 X 2\/;

1
(v) y=——=cosec x
sin X
. dy

d
.. ——=— (cosec X)= —cosec X cot X
dx dx

(vi) y= x4+ x*

Yy_d y_9 4 e
Tdx dx (9\/;+X)_9dx(\/;)+dx(x)

1

2%

=9+2X

2Jx

=9 + 2x




PART -B

I Find & ify= 242 L
dx X x 4
Solution:
y= iz+ S
X X 4
g: i(:}xz + 2X71 + l) = 3(—2)X73 + 2(—1)X72 +0
dx dx 4
_6_ 2
X3 X2

2. Find dy ify =e*sin x.

dx
Solution:
y =e*sin X
ﬂ: i(ex sinXx)= "ud—V+ Vd—u"
dx dx dx dx

cdo .od
=e &(smx)+ s1nx&(e )
=e" cosx+ sinx.e*
3. Find & ify=x? e*sin x.
Solution:
y =x?e*sin X
dy d dw du dv,,

—==—(x’e"sinx)="uv—~-+ VW —+ Wi —
dx dx dx dx dx

= x’e* i(sinx)Jr e sinxi(xz)Jr sinx.x’ i(eX)
dx dx dx

= x’e* cosx+ e*sinx.2x + sinx . x’e*

4. Find &Y jf y= X
X
Solution:
_ COSX
Jx
% du —-u av
dy _ “dx " dx
dx v:

\/;i(COSX) — cosxi(\/;)
dx dx
(x)

1
\/; —SinX)—CoSX.——
_ ( : N

X



PART - C

1. Find dy if y=(x>+3) cos x log x.
Solution: o
y=(x>+3) cos x log x
dy d du dv

= —[(x*>+ 3)cosxlogx]= "uvd—W+ VW —+ Wi —
dx dx dx dx dx

"

=(x*+ 3)cosxi(log X)+ cosxlogxi(x2 +3)+ logx(x* + 3)i(cos X)
dx dx dx

=(x*+ 3)cosx.l+ cosxlogx . 2x+ logx . (x* + 3)(~sinx)
X

2
- M+ 2XCOSX10gX*(X2+ 3)sinx logx
X

3tan
X AKX fnd

2. Ify= , fin
y e*+1 dx
Solution:
_ x> tan x
Y= e*+1
du dv
V——u—
dy  “dx  dx
dx v2

(" + l)i(x3 tanx) — (x’ tan x)i(e" +1)
_ dx dx

(e +1)7°

e+ x’ i(tan X)+ tan xi(x3) —x’tanx.e*
_ dx dx

(e +1)7°
_ (" +D[x’sec’ x+ tanx.3x’]—x" tanx . ¢*
@ +1)

1+ x+ x°
3. Find & jf y= 225X
dx l-x+x
Solution:

B I+ x+x2
1—x+x2

du dv
V——u—
dy  dx  dx

2
dx A\

(I—x+ xz)i(1+ x+x3)—(1+ x+ xz)i(lfx+ x%)
dx dx

(1-x+x%)°
(1—x+ x>)(1+ 2x) — (1+ x+ x*)(~1+ 2x)
- (I—x+x°)
_1+2x—x—2x2+x2+2x3+1—2x+x—2x2+x2—2x
(1-x+x%)°
B 2-2x’ 3 2(1-x%)
(I-x+x°) (I-x+x°)

3




EXERCISE
PART -A

Find the principal value of

(i) sin”' {%} (ii) cos™' (0) (i) tan'(/3)  (iv) cot ' (—+/3) (v) sec” (%j

(vi) cosec™ (—/2)  (vii) sec(-1)  (vii) cos’l(—%) (ix)sin'(-1) (%) tan'(-1)
T

. 1
Prove that sin' x+ sec ' (—] =3

X

) 1 T
Prove that sec™' x+ sin™' (—) = >
X

pX>+ qx+ 1
Evaluate : “t~
“x-lax 4+ bx+c

5x —8x”’

x>0 2x% —3x

Lt sin90
Evaluate : F—

tan 50
Evaluate : Lt
00 0

Evaluate:

Evaluate : Lt 2t 2%
valuate : —
x>2 4x —3x°

Find dy ify=3x*-7.
dx
1
. Find dy ify=—.
dx X
. Find dy it Y= .
dx cotx
. Find j—y if y = 8e* — 4 cosec x.
X
.Findg—y ify=3logx—4+/x.
X
gl oo b
.Fmdd—xlf}’ 5
8
. Find dy it Y= 5.
dx X

PART - B
Prove that cos™ (ﬂ) = sin 'x.
Prove that cosec™ (m ) = cot 'x.
Prove that sec”’ (m ) = tan'x.

1
Prove that tan™ [i] + tan' (—] = E.
4 7 4



10.

I1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
22.

23.

24.

25.

x? —3x+2
OIx> —5x+ 4

x*+4x -5
Ol X+ x+4

Evaluate :

Evaluate:

Evaluate : Lt

Evaluate:

Evaluate : (55" 5y

Evaluate : Lt

x—0 X
X
tan()
Evaluate : .t 3
x—0 X
Find dy ify=x’—4x*+7x -11.

dx
2 1 3
Find & ify= x'+ 2 -—+2.
dx x° x 2

Findj—y ify=12x —3e*+7sinx-8cosx+ 11

X

Find d—yifyz Jx log x.
dx

Find dy if y = x? cosec x.
dx

Find dy ify=(x*-4)tan x.
dx

Find & ipy= X=7
dx X+3

Find g—y if y = v/x log x cosec x.
X

Find v/x ify =x3 cot x log x.

Find & jfy= ¢ .
dx sin x
. ody . tan x
Find == ify =
dx Y x*
Find Y jpy = 12COSX
dx 1+ sinx

4
Find d—yify= —+ 7cosx —9logx+
dx X




10.

I1.

12.

13.

14.

Show that sin™ (1 2x Zj =2tan 'x.
+x

Show that tan'[ 2x 2) =2tan 'x.
—X

Prove that sin”! (3x — 4x¥) =3 sin! x.

Prove that cos '(4x* —3x) = 3 cos'x.

(x-y)

Prove that tan"'x — tan™' y = tan™! L

1+ xy/°

PART - C

Prove that sin"'x —sin™' y = sin™ (X\/ 1-y* - yx/ 1-x? )

Prove that cos'x —cos™' y = cos™ (xy—i— VI-x*1-y? ) '

Show that 2 tan™! (%] = tan™" (3] .

4
Show that tan™ I - cosx =X .
1+ cosx 2

Show that 2 tan™ (%] = tan ' (ﬁ] )

7
Evaluate : cos| sin™ [i]
13

Evaluate : cos|sin' (i) +sin™’ (Ej
5 13

Evaluate the following:

. x> -6 .. x"—4°
M) int6 x’ -6 (H)XI:;[“ x’ -4
(v) Lt s%n 70 ; tan 60

60 sin 20 6-0 tanl10

Differentiate the following w.r.t. X.
(1) y=(3x>+2x+1)e* tan x.

2sin X+ 3cosx

i) y=
() y 2cosx+ 3sinx
v) y=cosx—SlnX
+7
___e'sinx
(vii) ¥ 1
ZCx
(i) y=—

(x+2) tanx

(vii) Lt

1 _ 3 11 ) X32 7 232
o &4 (i) Lt 7w
Xll _311
sin 90 1—-cosx
(viil) Lt -
6-0 tan 70 x=0  XSInX

() y=02x+1)(3x-7) (4-9x).

x>+ 3
v =
(iv) 'y X COS X
. \/;+logx
(Vl) = X 3
€ +X
Jx+e
(vill)) Yy=—7—
X’ sin X
X+ tan X
X =
)y e* —sinx




14. (1) (3x*>+2x+1)e*sec’x +e*tan x (6x +2) + tan x (3x*> +2x + 1) e*

() 2x+ 1) Bx-7)(=9)+Bx-7)(4-9x).2+#49%) (2x+ 1) 3
(iii) (2cosx+ 3sinx)(2cosx —3sinx) — (2sin X+ 3cos x)(—2sin X + 3cos x)

(2cosx+ 3sinx)’

(iv)

X cos X(2x) — (x” + 3)(—x sin X+ cos x) (v) —sinx - |:(X + 7)cosx : sin x. 1}
x” cos’ X (x+7)

1 1
(e‘+x3[ +j—\/;+10 x) (e* + 3x*
) 2Jx  x ( gx)( ) (vii) (x*+1)(e* cosx +secx.e*) —e* sinx.2x
(ex + X3 )2 (XZ + 1)2

(vi)

1
x* sinx(+ e"]— \/;4— e*)(x* cosx + 3x? sinx
N ( X )

(viii)

x®sin® x
(x+2) tanx (x’e* + 2xe* ) — (x"e*)[(x + 2)sec’ x + tan x . 1]
(x+2)* tan” x

(ix)

(x) (e* —sinx)(1+ sec’ x) — (x+ tanx)(e* — cosx)

(e* —sinx)’
ANSWERS
PART - A
1) (1) 60° (i1) 90° (111) 60° (iv) —30° (v) 30° (vi) —45°
(vii) — 180° (viii) 120° (ix) —90° (x) —45°
ptq+r =5 3 3
4) atbic 5) 3 6)9 7)5 8) -2 9) 12x 10) -
2 12 456
11) sec* 12) 8ex + 4 cosec x cot X 13) ———= 14) —x—— 15) = /=5
X \/; 7 X
PART - B
5) 1 6)2 7)6.3° 8) z 9) 169 10) 12 1) ! 12) 1 13) 3x>—8x + 7
3 ' 13 5 2 3
14) 3x* _13+L2 15) T—?ae +7cosx+8sinx  16) £+ logx . 1
X X X 2\/;
18) (x*~4) secx + 3x*tanx  19) 10 20) —/xlogx cosec xcotx+ logx cosecx . ! + cosec x . %
(x+ 3y 2\/§ , X
21) x’ COtX+cosxlogx.3x2+logx x*(cosec’x)  22) SinXe” — ¢’ cosx lex COSX 23) X see x—;[anx.4x
sin” x X
24) (1+sinx)sinx — (1 — cosx)cosx 25) —iz—7sinx—2+ sin X
(1+ sinx)? X
PART -C
12 16 L1 512 ... 1 215 7
11) T 12) o= 13) (i) 0 @ )— (i B (iv) v) 5

(vi) % (vii) % (vii) %



DIFFERENTIAL CALCULUS-II

DIFFERENTIATION METHODS

Differentiation of function functions (chain rule), Inverse Trigonometric functions and Implict
functions. Simple Problems.

SUCCESSIVE DIFFERENTIATION

Successive differentiation up to second order (parametric form not included). Definition of differential
equation, order and degree, formation of differential equation. Simple problems.

PARTIAL DIFFERENTIATION

Definition — Partial differentiation of two variables up to second order only. Simple Problems.

DIFFERENTIATION METHODS

Function of Funtions Rule:
If 'y' is a function of 'u' and 'u' is a function of 'x' then the derivative of 'y' w.r.t 'X' is equal to the
product of the derivative of 'y’ w.r.t 'u' and the derivative of 'u' w.r.t 'x'.
d
ey 4y du
dx du dx
It is called function of function rule. This rule can be extended which is known as 'Chain rule'.

Chain rule:

If 'y' is a function of 'u' and 'u' is a function of 'v' and 'v' is a function of 'x' then.
dy dy-du dv

dx du dv dx



WORKED EXAMPLES

PART -A
Find d—yif
X
1) y=(2x+5)* 2) y=+/sinx 3) y = cos*x 4)y =e 5)y = log (sec x)
6) y = sin mx 7) y=sec\/; 8) y=rcos (2-3x)
Solution:

1) y=@2x+5)
y=u’whereu=2x+5

d_y: 3u’ d_u: 2

du dx

dy_dy du

dx du dx
=(3v) (2)
=6(2x+5)

2) y=+/sinx

y= Ju where u = sin x
dy 1 |du

——=—| —=co0s
du 2y | dx x

dy = [LJ (cosx)

dx 2\/5
_ COSX
2+/sinx
3) y=rcos'x

y = u* where u = cos x

ﬂ: 4y’ au_ —sinx
du dx
d_y: 4u’ (—sinx)
dx
= —4sinx cos’ x
4) y — elanx
y = ¢* where u = tan x
d
Yo d_u: sec’ X
du dx

3_7}:: (e") (sec” x)

tan x

= e™*sec’ x



5)y =log (sec x)
y = log u where u = sec x
dy 1 |du

— | —=secXx tanx
dx

du u

dy = (l] (secxtanx)
dx \u

1
= (secxtanx)
secx

= tanx
6) y = sin mx

y = sin u where u = mx

j—Zz (cosu) (m)

= m cos mx
7) y=cos (2 - 3x)

y = cos u where u =2 — 3x

y . d—u: 0-3(1)
—=—sinu | dx
du _ 3

j—i: (~sinu) (-3)
= 3sin(2 - 3x)

8) y= sec/x

y =sec u where u = Jx
du 1

dx: N

dy
——=secu.tanu
du

g = (secutan u)(
dx

)

1
= .sec\/; . tan\/;
2/x

Note:
I. Ix (e™) =me
2. = ('sin mx) = m cos mx

3. 7 (cos mx)=—m sin mx
ax )

4. — (tan mx) = m sec’mx
Ix ( ) sec



5. =~ (cot mx) =—m cosec? mx
dx
6. x (sec mx) = m sec mx tan mx

7. Ix (cosec mx) = —m cosec mx cot mx

PART - B

Differentiate the following w.r.t 'x’.

1) 2x*-3x+1)° 2) cos (e*™) 3) gsin'x
Solution:

1) y=02x*-3x+ 1)

y =u’ where u =2x*—-3x + 1

dy_
X

= 3(2x* —3x+ 1)*(4x —3)

(3u?)(4x —3)

2) Lety=cos (™)
y = cos u where u = e

ﬂz —sinu d_u: 5e>
du dx

dy_ (—sinu)(5¢’™)
dx

= —5¢”* sin(e™)
3) Lety= esin’

y = e* where u = sin’x

ﬂze“ u= v’ where v = sin x
du
d—u=2v —V=cosx
dv X
dy_dy du dy
dx du dv dx
= (e")(2v)(cosx)

o
=2e™ *sinx cosx

sin? x

=sin2x.e

4) Lety =log (sec x + tan x)

y =log u where u = sec x + tan x

4) log (sec x + tan x)

5) y =cosec’(5x+1)



du )
dy 1 |—=secx.tanx+sec”x

= secx(tan X + secx)
d 1
v (—] [secx(tanx + secx)]
dx \u
1
= —— . secx(tan X + secx)
(secx + tanx)

= secx
5) Lety = cosec’(5x+1)
y =u® where u = cosec (5x + 1)

ﬂz 3u’

1 u= cosec vwhere v=>5x+1
u

du dV
—=—cosecvcotv | —=35
v dx
dy 2
o (3u®)(—cosec v cot v) (5)
X

= —15 cosec’(5x+ 1) . cosec (5x + 1) cot (5x + 1)
= —15 cosec’ (5x + 1) cot(5x + 1)

PART -C
Differentitate the following w.r.t x.
1) y =sin (e* log x) 2) (x*+5)e*sinx 3) y=(xcos x)’
4y y=1lo [l_cosxj 5 y= X 6)y =e* +sin (x2+ 5
)Y 8 1+ cosx ) y= 1+ x° )y=eh+sinx )

7) y=x%"*log(secx)
Solution:
1) y=sin (e* log x)

y = sin u where u = ¢* log x

du 1 .
—=¢"—+logxxe
q dx X
Y~ cosu (using product rule)
u

X[l )
=¢"| —+logx
X

dy _ (cosu){ex [l+ 1ogxﬂ

dx X

= cos(e” logx) [ex (l+ log xj }
X

2)y=(x*+5)e*sinx

u=x*+5|v=e™ W = sinx
du dv dw
—=2x | —=e?*2) | —=cosx
dx dx 2) dx

= D



dy dw du dv
—=UuV—+ VW—+uw—
dx dx dx dx

= (x"+5)e ¥ cosx+ e sinx(2x)+ (x* — 5)sin x(—2e**)
3) y=(xcos x)’

y =u’ where u = x cos x

ﬂ= 3u® d_u= x(—sinx)+ cosx(1)
du dx
(using product rule)
= —XsinX+ cosx
d .
Y o (3u?)(xsinx+ cosx)
dx
= 3(xcosx)’(—xsin X+ cosXx)
I—cosx
4) y=log| ———
I+ cosx
1—
y=logu where u = cosX
1+ cosx
dy 1 ]du_ (I+cosx)(+sinx)—(1-cosx)(—sinx)
du u | dx (1+ cosx)’

(using Quotient rule)

d_y: [ 1] |:Si1’lX(1+ COsX)+ sinx(l—cosx)}

dx \u (1+ cosx)’
_(1+ cosx) 2sinx
1—cosx/| (1+ cosx)’
2sinx 2sin x

B (1+ cosx)(1—cosx)  1-cos’x

_ 2sinx
sin’ x
2
sin X
5 |1+ X’
)y 1+ x’
y:\/a whereuzl_X3
dy 1 1+ x°
du 2y | du_ (+x)E3xP) - (1-x7)(3x?)
dx (1+x°)?
3y —(1+x)-(1-%7)
(1+x*)’
_ —6x*
(1+x*)’




o (1) o
dx  \2fu/ (1+ x*)?

1 —6x’

5 [1—x* [A+x7)’
1+ x°

B -3x’ /1+x3

1+x)* V1-x’

6) y=e*+sin (x> +5)

j_y: e*™ x 4+ cos(x’ + 5) x (2x+ 0)
X

= 4e™ + 2x cos(x” + 5)

7) v =x%log(secx)

secX . tanx

u= X3 V= efsx W= IOg(SCC X)
du dv dw
—=3x | —=e (5 | —=
dx * dx 5) dx

— _§e ¥ = tanx

= x’e ™ tanx+ e ** log(sec x)(3x*)+ x’ log (secx)(—5¢ ")

DIFFERENTIATION OF INVERSE TRIGONOMETRIC FUNCTIONS

values.

If x = sin y then we get a unique real value of x to the given angle y. But if x is given y has many

We can express y interms of x as y = sin'x "Inverse sine of x". The Quantities sin 'x, cos'x,
tan'x, cot 'x, sec'x, cosec'x are called Inverse Trigonometric Functions.

Differential co-efficient of sin"'x:
Lety =sin'x
=siny=x

Differentiating w.r.t x

cosy.%zl
dy 1
&: cosy
B 1
- J1-sin’y
1

i.e.,i(sin’1 X)=
dx 1-x°



Similarly we get

(1) c%(cos’1 X)=

.. d O
_ t =
(@) dx (tan™x) 1+ x

... d 4
_— t —
(iii) ™ (cot™ x) e
d -1
(iv) —(sec' x) =
dx xvx* -1
(v) i(cosec’lx) i
dx xvx* -1

Find dy if
dx
(i) y=sin"'Vx
(i) y= cos ' (2x)
(iii) y = tan ' (log x)
Solution:

(i) y=sin"'v/x

d .
&Y _ gin'u where u = vx
dx

ﬂ_ 1 du 1

du oo | dx 2Yx
dy [ 1 )1
dx L\/I—uzJ[Z\/;)

1 1

/17(\/;)2 2Jx
S S
Vi—x 2Jx
1
T 2Jx(1-x)
(i1) y = cos!(2x)
y = cos™'u where u = 2x
dy__ 1 |du_
du Jl—u? | dx B
dy -1
dx 1-u’

2

WORKED EXAMPLES
PART - A



(iii) y =tan'(log x)

y = tan"'u where u = log x

dy_ 1 |du_1
du 1+v’ [ dx x
e trid &
dx 1+ u?/\x
3 1
x[1+ (log x)z]
PART - B
Findd—yif
dx

(i) y = sin”'(cos x) (if) y=cos'(2x +3) (iii) y=cos'(2x*—1) (iv)y =sin'(3x —4x°)

Solution:
(i) y = sin"!(cos x)

y = sin"'u where u = cos x

dy__1 du_ —sinx
du ,/1_ 2 | dx
dy { ! )( sinx)
V1-vu?
= ;(—sinx)
V1-cos®*x
_ osinx
sin® x
(i) y=cos'(2x +3)
L S i(2x+ 3)
dx J1-(2x+3)? dx
= ;lx 2
J1-(2x+3)?
3 -2
J1—(2x+ 3)?
(iii)) y=cos'(2x*—1)
d_y: _—1.1(2)(2)
dx  J1-(2x* -1y dx
S S
J1-(2x* —1)°
—4x - 4x -4x -4x

-2

BTSN oy B ad [l

\/1-x2



ALITER
y =cos'(2x* 1)
Putx=cos 6
y =cos ! (2 cos’0—1)
= cos—1(co0s20)
y =20
y =2 cos'x =cos 0 = 0=cos'x
d_y: 2 x !
i e B
(iv) y = sin"!(3x — 4x%)
dy 1
ALITER

Putx =sin 0

(3-12x7%)

y =sin"! (3 sin0 — 4 sin’0)
= sin"'(sin30)

y =30
y =3sin'x x=sin 0 = 6=sin"'x
dy 3

dx 1-x?
PART - C

" ,Jl—xz\
(i) y=cos L1+X2J

. ) 2x ]
-1

11) y = sin

@)y (1+ x*

2x
iii =tanl( )
(i) y T

(iv) y=(1 +x*)tan ' x

Solution:
—x?)
x)
Letx =tan 6 = 0 = tan"'x
g (1-tan’)
* (T an’0)
= cos ' (cos20)
=20
y=2tan"'x

1
@, 1
dx 1+ x

(i) y=cos” L

y=




2xX
n)y= sinl( j
i)y 1+ x?

Letx=tan 0 = 0 =tan'x

—sinl[ 2tan 0 j
y 1+ tan’ 0

= sin'(sin 20)

=20
y=2tan"'x
1
o, 1
dx 1+ x

2x
n)y= tanl[ ]
(i) y —

Letx=tan 0 = 0 =tan"'x

y= tanl( 2tan® ]

1-tan0
= tan ' (tan 20)
y=20
y=2tan'x
d 1
d_zz 2 1+ x*

(iv)y=(+x")tan'x

dy_ (1+x%) L x(0+2x)  (using product rule)

dx 1+ x?
=1+ 2xtan'x

IMPLICIT FUNCTION

If the variables x and y are connected by a relation f (x, y) = 0 then it is called an implicit function.
i.e If the dependent variable (y) cannot be expressed explicitly in terms of the independent variable

Example: ()x*+y*—4x+y+12=0

2 2
(i) =+ =1
a

b2 are implicit function



PART -B
. Find & if
dx
() X+y*+2y=0 (i) x> +y*=a’ (iii) xy = ¢? (iv) Jy+vVx=+a
Solution:
(i) xX*+y*+2y=0

Differentiate w.r.t x

2x+ Zyd—y+ 2d—y= 0
dx dx

ﬂ_i_d_y: O

+
X ydx dx

dy
+1)—=-—
(y )dX X

d_y_ —X

dx 1+vy
(i) x2+y?*=a?
Differentiate w.r.t x

2x+ 2yd—y =0
dx
dy
Xx+y—=0
Y dx
dy
— = X
y dx
dy _—x
dx vy
(iil)) xy =¢?
Differentiate w.r.t x
X. j—y+ y(1)= 0 (using product rule)
X
dy
X—=—
dx Y
dy_-vy
dx x

(iv) Jy+Vx=+a

Differentiate w.r.t x

Multiply by 2
1 1 dy

ﬁ-kﬁ.&:
ldy -1
\/§dx Jx
dy_—Jy
dx  Jx



PART - C

1. Find dy if
dx

i) cosx+siny=c i) x>siny =c¢ i) y=a+ xe’
y y y

Solution:
(i) cosx+siny=c
Differentiate w.r.t X

. d
—s1nx+cosy.d—y=0

X
cosy.g:sinx

dy _ sinx

dx cosy

(i) x*siny=¢
Differentiate w.r.t X

d . .
x* cos y.d—y+ siny(2x)=0 (using product rule)
X

x’ cos y.gz —2xsiny
dx
dy _ —2xsiny
dx x’cosy
dy -2
—=—1tan
dx x y

(i) y = a + xeY
Differentiate w.r.t X

ﬂ: 0+x ey.ﬂ+ e’

dx dx
d
Y xe? dy =¢
dx dx
dy
—(—xe")=¢"
dx( )
dy__¢
dx 1-xe’
2. Find & if
dx
(1) x*+y*=3axy (i) x*+y*—4x+6y—-5=0 (i) x>+ y*=xy

(iv) ax? + 2hxy + by* + 2gx + 2fy + ¢ =0
(1) x*+y*=3axy



Differentiate w.r.t X
3x7+3y° d_y= 3a [xﬂ+ y(l)}
dx dx

Divide by 3 (using product rule)

(i) x*+y*—4x+6y—5=0
Differentiating w.r.t x

2x+ 2yd—yf4+ 6ﬂ: 0
dx d

X

2yg+ 6ﬂ: -2x+4
dx dx

ﬂ(2y+ 6)=-2x+4
dx

dy  2x+4  2(-x+2)
dx  2y+6  2(y+3)
=X+ 2

y+3
(iii) x> + y* = xy
uv rule

Differentiating w.r.t X,

a2y Y vy
X dx

ﬂ(2y—x): y—2x
dx
dy y-2x
dx 2y-x
(iv) ax? + 2hxy + by* + 2gx + 2fy + ¢ =0
Differentiate w.r.t x
dy dy dy
2ax+ 2h| x.—+ y(1) |+ b(2y).—+ 2g(1)+ 2f.—+0=0
dx dx dx
Divide by 2

dy dy dy
ax+ hx—+ hy+ by—+g+{f—=0
X de Y ydx 8 dx

g(hx+ by+f)=—-ax—hy—-g
dx

dy -ax-hy-g
dx  hx+by+f



SUCCESSIVE DIFFERENTIATION

If y = f(x) then j—y: f'(x) is a function of x or constant which can be differentiated once again.
X

d_y: f'(x) is the first order derivative of y w.r.t x.

dx
ﬁ_i(d_y) s the second order derivative of y w.r.
dX2 dx \dx 1S the seconda order aerivauve ory w.r.t X

1.e the derivate of ﬂ W.I.t X.

Solution:

Solution:

dx

ﬁz i(ﬁ\ is the third order derivative of y w.r.t x and so on.
dx?*  dx{dx?
Notations of successive derivatives

d
oy =y'=f'(x)=D(y)

dx

d2
I N=y = ()= DY)

X

d"y (n) () n

=Y. =y =f"(x)=D"(y)
dx
WORKED EXAMPLES
PART - A
dzy
1. Ify=¢*find e

g: 3 3x

dx
dzy 3
@— 3(36 X)

=9¢™
2. If y = sin 3x find ﬂ
-y dx?* -

gz 3cos3x

dx
dzy

F = 3(*3 sin 3X)
X

= -9sin3x



PART -B
1. Ify=acosnx +bsinnx find y,.
Solution:
y, =a(-nsinnx)+b (n cosnx)
=n (—asin nx + b cos nx)
y, =n[-a(+ncosnx)+b (-nsinnx)]
=n? (a cos nx + b sin nx)
=_nYy
d’y

2. If y=Ae*+ Be ™ find o

Solution:
ﬂ =A(3e*) + B (-3¢ %)
dx

=3 (A.e**-Be™)

2

dy

T = AGeN -~ B3¢ )]

=3[3Ae™*+3Be™]
=9 [Ae™* + Be™]

3. Ify=tanx find y,.
Solution:

dy _ sec’x

dx

2

dx}zl =2 (sec X) x sec X tan X

=2 sec’x tan X

PART - C
1. If y = x* cos x prove that x?y, —4xy, + (x*+6) y = 0.
Solution:
y =x’cosX
y, =x*(-sinx)+ cos x (2x) (using product rule)
=—x?s8in X + 2X coS X
y, =-—x*(cosx)+sinx (- 2x) + 2x (- sin x) + cos x (2)

=—x%¢cos X — 2x sin X — 2x sin X + 2 cos X
=—-x?cos X —4x sin X + 2 cos X
X%y, —4xy, + (x*+6) y = x> [- x> cos X —4x sin X + 2 cos X]
—4x [-x? sin X + 2x cos X] + (x% + 6) (x% cos X)
=—x*cos x — 4x3 sin x + 2x% cos X + 4x? sin X — 8x? cos X + X* cos X + 6x> cos X
=0



2. If y = e*sin x, prove that y, -2y, + 2y = 0.

Solution:
y =e*sinx
y, =€*(cos x) +sin x (e) (using product rule)

y, =€‘cosx +y (D)
Differentiating w.r.t x

y, =€ (-sinx)+cosxe* +y,

y, ==y +(y,—y) ty, from (1)

yz :_y+yl_y+yl
-2y +2y,

y,— 2y1 +2y=0

3. Ify=acos (log x) + b sin (log x) prove that xzy2 +xy, +y=0.

Solution:

y =a cos (log x) + b sin (log x)
Differentiating w.r.t

y, = a[—sin(log X).l:|+ b[cos(log X). l}
X X

1
Yi=

X

[-asin(logx)+ bcos(logx)]
xy, = —asin(logx)+ bcos(logx)

Differentiating w.r.t x

Xy, + y,(1)= —acos(logx) . %+ b[sin(logx) . i]

Xy,+y, = ?l[a cos(logx)+ bsin(log x)]

X[xy,+y,]= -y
xzy2 +xy,+y=0

DIFFERENTIAL EQUATION

Definition: An equation containg differential co-efficients is called differential equation.

Examples:

dy
. —+y=x
dx Y

2

3 ad—}21+ bd—y+ cy=d
dx dx
Order of the differential equation:

The order of the highest derivative in the differential equation is called order of the

differential equation.



Degree of the differential equation:

The power of the highest derivative in the differential equation is called degree of the differential
equation.

Example:

2 5
(1) 7(d—J +5[d ] + 7y=sinx
Order —2, degree —2

Formation of Differential Equation:

A differential equation is obtained by differentiating the function f (x, y) = 0 as many times as the
number of arbitrary constants, followed by elimination of arbitrary constants.

PART -A

1. Find the order and degree of the following differential equations.

()[g o) y+2ﬂ+7y 0

2
(ii) [d—y) oy
dx dx

dy d%
111 1+—:
(i) dx  dx?

Solution
(i) order = 3, degree = 4
(i1) order =1, degree = 2
dy d’y
T dx
Squaring on both sides
(-2
dx’
Order -2, degree — 2.
2. From the differential equation by eliminating the constant.
(i) xy=c (i) Vx+.y=+a

Solution:

(111)

() xy=c
dy .
X. d—+ y.1=0 (using product rule)
X

dy
x—+y=0
dx y

(i) Vx+.y=+a
1 1 dy
2«F 2\/7 dx
Multiply by 2
1 1 dy

R

\/7dx




PART -B

From the different equation by eliminating the constants.

Xy

(i) y=ax+b (i) y=me™ (iii) ;+g=1 (iv) y? = dax
Solution:
(i) y=ax +b’

dy

—=a)+0

™ a(l)

2

Y _y

dx
(i) y=me™ — (1)
dy _ m.(5¢’)

dx

g _ 5m(e’™) from (1) me™ =y

dx

dy

2 _5

dx Y
X Y

(i) S+ =1

Differentiating w.r.t X

l+ l d_y= 0
a b dx
2
0+19Y g
b dx
2
Yo
dx
(iv) y* = 4ax
2y.d—y= 4a(0)
dx
dy (y*) ) y’
2y g L —dax, 2—=a
dx L4XJ k y 4x J
dy ¥y’



PARTIAL DIFFERENTIATION

Functions of two or more variables:

In many applications, we come across function involving more than one independent variable. For
example, Area of the rectangle depends on its length and breadth, volume of cuboid depends on its
length, breadth and height.

Hence one variable u depends on more than one variable.
ieu=f(xy)  v=9(x¥2)
Definition of partial differentiation:

Letu = f (x, y) then partial differentiation of u w.r.t x is defined as differentiation of u w.r.t x treating

y as constant and is denoted by g_u
X

Lou_ L O AxY) —f(x,y)
aX Ax—0 AX

Similarly partial differentiation of u w.r.t y is defined as differentiation of u w.r.t y treating x as con-

stant and is denoted by ou .

dy
a_u — llm f(Xa y+ AY) - f(X, Y)
ay Ay—0 Ay

Second order partial derivatives:

In General, ou and ou are function of x and y. They can be further dfferentiated partially w.r.t x
and y as follows?X oy

()i(au\ (&)
Voxlax) o

(H)i(au\ ([ &u )
x\ay) " \oxay)

3 (ou) [ &u )
(it} L@x) L@y@x}

(W)i(au\ (&u)
k@yJ L@sz

2 2
For all ordinary functions {aa g j [88 3 ] .
X 0y y OX




WORKED EXAMPLES

PART - A
1. Find g_u and Z—u for the following:
X y
(1) u=x+y (i) u=x’+y’ (i) u=e**y
Solution:
)u=x+y
ou_,
0x
9y
Jy
i) u=x*+y?
2—11: 3x°
X
(i) u=e*"y
Z_u: ex+y(1): ex+y
X
Z_u: ex+y(1): ex+y
y
(iv) u=ex*¥
g_uz er+3y(2)= 262x+3y
X
a_u: er+3y(3): 362x+3y
PART - B

(i) Find ou and ou for the following:
00X oy

(1) u=x3+4x%y + 5xy* +y*
(il)) u=S5sinx+4tany
(iii) u=y?sec x
(iv) u=sin 4x cos 2y
Solution:
(i) u=x’+4x%y + 5xy* +y’
8_u: 3x% + 8xy+ 5y*+ 0
X
ou

—=0+4x>+10xy+ 3y’
oy

(iv) u=e**¥



(il)) u=S5sinx+4tany

6_u: S5cosx+ 0
X

0
U0+ 4sec’y

oy

(iii) u=y?sec x

ou ,

— =y secxtanx
ox

0

au_ secx.2y

(iv) u=sin 4x cos 2y

2—11: 4cos4x.cos2y
X
g_u = 2sin4xsin2y
y
o*u ?
2. Find P and a_y2 for the following:
(1) u=x*+y? (i) u=x’tany
Solution:
() u=x+y
2—“: 3x2+ 0
X
a 2
121 = 6x
0x
2—“: 0+ 3y
y
o’u
8y2 =6y

(il) u=x’tany
ou )
—=3x"tan
P y

2
u
=6xtany

7=

0
B Xsecly
dy

62
121: x’(2secy . secy tany)
dy

=2x"sec’y.tany




2 2
o u

3. Find and —— for u = x%e%,
0x0y 0yox
Solution:
u=x%%
ou _ 2xe™
X
2
5 u _ i(@\ _ 2X ) (SeSy): IOXCSy
O0yox 0y\ox
ou _ 5x’e”
dy
2
0 0f0u) o
0x0y OxkﬁyJ
PART - C
2
1. Ifu=log (x’+y?) find o
Solution:
u=log (x*+y?
1
a__ L G
ox x+y3
2 3 3 2 2
2):21 = (X +y )(?z3)+ ;33))(2 )X+ 0) (using quotient rule)
B 6xy’ —3x*
Sy
2
2 Ifu=2_Y fing 28
VX 0x0y
Solution:
_ X Yy
u= ===
yo X
ou_ [2) 1
oy Ty T
azu _ (—_\ _(—_2)
ox0dy Ly3 X’
2 2
=373



3. Ifu=x3+3x% + 3xy*+y? prove that X@_u + ya—U1 =3u.
0x oy

Solution:

U=X +3X°V+3XY° Y e, (A)

a_u: 3x* + 6xy+ 3y* + 0
ox

xg—uz x(3x” + 6xy + 3y?)

X
X@_u: 3P+ 6X°y+3Xy" e )
ox
u=x'+3x’y+3xy’ +y’
O 01 3% + 3x(2y)+ 3y
ay

=3x’+ 6xy+ 3y’
ya—uz y(3x2 + 6xy+ 3y2)
Jy

=3’y + 6Xy° +3y° e, 2)
H+@)=
au au 3 2 2 2 2 3
X—+y—=3x"4+6x"y+3xy +3x"y+ 6xy + 3y

ox "0y

=3x’+ 9x’y+ 9xy’ + 3y’

=3(x*+ 3x’y+ 3xy* + y°)

= 3uusing (A)

EXERCISE
PART - A

Find dy if
dx
(i) y=@x+5) (if) y=~ax+b
(iii) y =sin 2x (iv) y = cos’x
(V) y = sin®5x (vi) y=tan/x
(vii) y =sin (cos x) (viii) y =cos (log x)
(ix) y=log (2x +3) x) y= e

Find dy if

dx
(i) y = sin'(2x) (i) y = cos'(x?) (ili) y=tan'(Jx)  (iv) y=cos(e)
Find g—y from the following equations

X
(i) y*=4ax (i) 2x>—y*-9=0 (iii)) x*+xy=0(iv) xsiny=c
If (i) y=2x>—4x>+3
2

o s d’y
(ii) y =sin’x (i) y=x+cosx find —-.

dx



5. From the differential equation by eliminating the arbitrary constants from the following equations.

(i) y=ax+b (i) y?=4ax (i) y=mx

1
(iv) y=mx+; (v) x*+y*=a’ (vi) y=cx +¢?

6. Find 2% and 2% ifu=x*+ 5x’y + v,

ox oy
7. Ifu=e Y find ou and 6_u
0x oy
8. Ifu=tan (ax + by) find 6_u
dy
ou
9. Ifu=tan (ax + by) find "
X
PART - B
1. Find dy if
dx
(i) y=cosec’(5x + 1) (ii) y =tan (x’log x)
logx 3
(iii) y=cos[ f } (iv) y=e®S%
2. Find dy if
dx
() y=+/x tan'x (i)y=x>+tan'(x?)  (iii) y = (sin 'x)? (iv) y = cos!(4x3 - 3x)
R dy
3. Ifx*—y*=5y—3xfind —=.
dx
2= o dy
4. Ify*=xsiny find —=.
dx
S dy
5. Ifsiny=xsin(a+y)find —=.
dx
d’y  ,dy
— qe% —x —+2—==
6. Ify=ae*+be™that X I Ix Xy .
COS X
7. Ify= . prove that xy, + 2y, +xy =0.
8. Ifux 2y + dxy + v find L and L0
- Ifu=x*-2xy +3xy* +y’ find 7> an oy
ou 0°u
9. Ifu=xfind i %

10. Ifu= x>+ y2 show thatxg—u +yg—u =
X y



PART - C

Find dy if
dx
1+ sin2
(1) y=¢*logx sin 2x (i) y= w
o 1-sin2x
(i) y= sin(logx) (iv) (3x*—2)*cot x . log sin x.
Find dy if
dx
(i) y=cos” (1-x) (i) y=xsin'(tanx) (i) Y= S—ﬁ
y L1+ XzJ y 1 _ X2
If y = x* sin x prove that x’y, —4xy, + (x> + 6) y = 0.
2 2
Verify that Ou = Ou for the following functions:
0x0y 0yox
2 2
@u=—-L  (i)u=xsiny+ysinx (iii)uzlog(x +y")
y X L Xy
o 0
Ifu=x*+4x% + 3x%* + y* find x2—13+ yz—lzl.
ox oy
. Ifu=log (x2+ yz) show that xa—u +y6_u =2.
0x oy
ANSWERS
PART - A
a
. + sy . . o
(i) 6 (2x+5) (i1) Yt b (i) 2 cos 2x  (iv) —3 cos*x sin x
(v) 10 sin 5x cos 5x (vi) ! sec’ /x (vii) — [cos (cois x)] sin x
24Jx
1 . . 2 2
(viil)) ——sin(logx) (ix) (x) 2x e*
X 2x+3
. 2 .. 2x 1 : —e*
(6)) ac (1) — — (111) 2x 1+ x) (iv) ey
2 —
G dy_2a Giy Y _ 2% iy Y (iv) —ny
dx vy dx vy X X
(1) 40x*—8 (i) 3 sin x [2 cos*x — sin’x] (ii1) — cos x
d’y dy dy dy  dx
i)—=0 i) y? = 2xy —= ii)y=x—= (iv)y=x—2>+—
M) 2 (i) y orm 3 (iii) y . (iv)y o dy
dy . dy [dy)
v)x+y— =0 Vi) y=x—+ —
(V) x+y . (vi)y ol rm

3x? + 10xy, 5x% + 3y?
2x e, 2y e

a sec’(ax + by)



PART - B

1. (i) 15 cosec® (5x + 1) cot (5x + 1)  (ii) x (1 + 2 log x) sec? (x* log x)
—(1+ logx) . (logx
(iii) rEa Ll (iv) — 3 cos’x sin x e
. .. 2x L. 2sin'x . -3(4x° —1)
2. (1) 1 tan ' x + \/; (i1) 3x* + — (iii) 5 (iv) = -
2% 1+ x> 1+ x 1-x J1=(4x* =3x)
) . .
e L ony 5, sin@ty) 8. 6x— 4y, 6x + 6y
2y+5 2y —Xcosy cosy—xcos(a+y)
9. yx ', y(y-1)x?
PART - C
o 3% . sin 2x . M
1. (i)e [2log xcos2x+ 3log xsin2x + } (i1) (—sin2x)’
(iii) cos(logx) —sin(logx)
X2
(iv) 12x (3x*—2) cot x log (sin x) + (3x? — 2)? cot’x — (3x* — 2) log (sin x) cosec’x
2 2 _ 2 _ sl
2. (i) — (ii) X sec )24 (iif) VI-x" —xsin” x
X

1-tan” x (1_X2)%
10. 6 (2x* + 4x3y + 2x%y? — xy? + 2y%)



INTEGRAL CALCULUS-I

Introduction:

Definition of integration — Integral values using reverse process of differentiation — Integration using
decomposition method. Simple problems.

Integration by Substitution:

f'(x)d
Integrals of the form [[EGOT' £'(x)dx, n=1, | gj)" , and [[FEGOI'(x) dx, Simple
problems.
Standard Integrals
dx dx dx .
Integrals of the form Im NN and _[ o Simple problems.
INTRODUCTION

Sir Sardar Vallabhai Patel, called the Iron Man of India integrated several princely states together
while forming our country Indian Nation after independence. Like that in Maths while finding area
under a curve through integration, the area under the curve is divided into smaller rectangles and then
integrating (i.e) summing of all the area of rectangles together. So, integraiton means of summatiion of
very minute things of the same kind.

Integration as the reverse of differentiation:

Integration can also be introduced in another way, called integration as the reverse of differentia-
tion.

Differentiation in reverse:

Suppose we differentiate the function y = x*, then we have % . Now, we say that integral of

4x3 is x* and we write this as J.4x3dx = x* . Pictorially, we can think of this as follows:
Differentiate

S
N

Integrate



Suppose we differentiate the functions, y = x* + 5, y = x* — 23, y = x* + 100, then also we get

d
d—y= 4x* . Now, what could we say about the integral of 4x3. Can we say that it is x* + 5 (or) x* — 23 (or)
X

x*+ 100? So, in general we say that _[4x3dx = x* + ¢ where c is called constant of integration.

The symbol for integration is [, known as integral sign. Along with the integral sign there is a term
dx which must always be written and which indicates the name of the variable involved, in this case 'x'.
Technically integrals of this sort are called indefinite Integrals.

List of Formulae:

S1.No. Integration Reverse Process of Differentiation
Ix“dx= ::11+c %{;_ﬂ:ll.p c}
S N = (p+T) ;;]:1/%-1- 0
=x"

2. I%dx=logx+c (;ix(IOgX+ c)=%+ Ozi

X gy _ X d | .
3 J.e dx=¢e"+c &(e )=e
4. J.sinxdx=—cosx+c %(—cosx+ )= sinx

— o d .
5. jcosxdx—51nx+c —(sinx+ ¢)= cosx
dx
2 _ d
6. Isec xdx = tanx+c —(tanx+ ¢) = sec’ X
dx
2 —_ d
7. Icosec xdx = —cotx+c —(—cotx+c¢)= cosec’x
dx
_ d
8. Isecxtanxdx—secx+c —(secx+ ¢)= secx tanx
dx
_ d
9. J.COS ecxcotx dx = —cosec X+ ¢ d—(—cosec X+ €)= COsec X cotX
X

n+l

1+C where n #— 1.

Particular forms of Ix“dx =

1+1 X2 n+
1 jx dx= =—+
1+1 2
3+1 4
2.J‘x3 dx= =X
1 4



X%Jrl X%

4.I\/;dX=IX%dX= =—=zx%+c
1 3 3
2 2
o 3
5 J‘—4dx=.|.x4dx= =—+c
X —4+1 -3
1 1
6. I— dx=logx+c '.'i(logx)z —
X dx X
Note:
—1+1 0
jldx:jX*dx: * X,
X -1+1 0
n+1
So we should not use the formula
n+1

Two Basic Theorems on Integration (Without Proof):

1. Ifu, v, w etc. are functions of x, then I(ui Vi W )dx = J-udx iJ-de iJ-wdx to

2. Iff(x) is any function of x and K any constant then J K f(x)dx=K I f(x) dx
Example:

1. Evaluate: I(4X —3x7)dx

Solution:

[ (4x —3x*)dx
= I4x dx —J3x2dx

= 4jx dx — 3J. x2dx

_ 4X]+1 _3 X2+1 e
I+1  2+1

_4x2 3x’

T2 3

=2x"—x"+¢

Integration using decomposition method:

In integration, there is no rule for multiplication (or) division of algebraic or trigonometric function
as we have in differentiation. Such functions are to be decomposed into addition and subtraction before
applying integration.

)

For example can be decomposed as follows

+ COSX

sin®x  1-cos’x  (1+ cosX) (1—cosx)
= = =1-cosx,
I+cosx I+cosx (1+/ces{)

which can be integrated using above theorems.




Examples:

1. Evaluate: _[(X+ D(x+2) dx
Solution:
There is no uv rule in integration. So, we first multiply (x + 1) and (x + 2) and then integrate
[ (x+D(x+2) dx
= j(xz + 2x+ x+ 2)dx
= [+ 3x+2) dx

3 2
X

=—+—+2x+¢C
3 2

2. Evaluate: I(1+ x*)? dx

Solution:

Formula: (a+b)’ =a’+b’+ 3a’ + 3ab?
(1+x%) =1+ x> +3(1) x>+ 3(1) (x*)
=1+x°+3x*+ 3x*

[+ x?y dx= [+ x°+3x>+ 3x*) dx

7 5
sin x
3. Evaluate: I -
1+ sinx
Solution:
J s1n. X i«
1+ sinx
J- sinx (1 —sinXx) d Multiply and divide by conjugate of
X
I+ sinx (l—sinx) l+sinx=1-sinx

(a+b) (a—b)=a’-b’

sinx(1—sinx)
=J—2 — dx
1° —sin“ x
22 2
sinx —sin* x sin“x+cos“x=1
_J dX 2 2 2
cos’ x S 1—sin” x=cos” x

Dividing separately

( sin X SlIl X\
-1l

COS X COS X

sin x 5 1+ tan’® x = sec’ x
—j dx —Itan x dx R 5
COSX COSX = tan" x=sec x —1

= Isecxtanx dx fJ.(secz x —1)dx

=secx — (tanxX — X) Note:i(x)z 1:>I1dx= X
dx

=secx —tanXx+ X+ ¢



WORKED EXAMPLES
PART - A

1. Evaluate : I[x3 +e*+ l] dx

X
Solution:

J.[x3+ e"+l) dx
y X

X X
=—+c¢" +logx+c

2. Evaluate: j(tanz X+ cot’ x)dx
Solution:
1 + tan’x = sec’x = tan’x = sec’x — 1
1 + cot?x = cosec’x = cot’x = cosec’x — |
I(tanz X+ cot” x)dx
= I(secz X — 14 cosec’x —1) dx
= I(secz X+ cosec’x —2) dx

=tanx —cotx —2X+ ¢

3. Evaluate: I(e3x +e ) dx

Solution:
[e™+e™)dx
_ ™ N e ™ Hint : Divide by coefficient of x
3 5 o
In general Iemxdx = — because
m
3x —5x
€ € mx
_ dle™) 1d 1
= — + C mx mx mx
— =——(E)=—.e".m=e¢
3 5 dx\ m m dx( ) m

4. Evaluate: Jsecz (3+ 4x)dx

Solution:
2
I sec”(3+ 4x)dx Hint : Divide by coefficient of x
Shown as 1
4
d|1
= %tan(3+ 4x)+c &{Ztaﬂ(% 4X)}
1
= Zsec2 x(3+ 4x) 4= sec’(3+ 4x)

5. Evaluate: J(3 —2x)"dx

Solution:

j(3 —2x)*dx |DiVide by coefficient of x

_ 5
= L{&}+ C shown as i

2 5



6. Evaluate: J‘«/lfsinzx dx

Solution:

: 2 2
- sin” X+ cos” x =
Jxll—s1n2x dx

sin2x = 2sin X cOs X

. 2 2 .
Z\/Sll’l X+ cos“ X —2sinxcosx dx

la’+ b’ —2ab= (a—b)’|

= J‘«/(sinx —cosx)> dx

= I(sinx —cosx) dx

= —COSX—sinX+c¢c

7. Evaluate: I\/2x—3 dx

Solution:
j\/2x “3dx

[(2x-3)/2dx  [Divide by coefficient of x

—

1

—+1

_ 2
_1@x-3)7 |

l+1
L2
24
% % +c=%x§(2x3)%+c
2

=%(2x—7)%+ ¢

dx
8. Evaluate: I m

Solution:
f T+x j j(2+x) “dx
—Lrl
2
= ! % +c |Divide by coefficient of x =1| shown as !
1 L 1
2
P
= (2+—X)+ c=2(2+ x)%+ c

2



PART-B & C

1. Evaluate: I(X+ 1) (2x -3) dx
Solution:
There is no uv rule in integraiton.
[x+1) (2x-3) dx
= [(2x* -3x+2x-3) dx
= [(2x* -x-3) dx
B 2%’ x°

-—=-3x+C
32

1 1
2. Evaluate: I(XJF —j [Xz _Zj dx
X X

Solution:

1 1 o1
= J.[XS ——+X ——j dx Do not write —as x~

1

X
4 2 % 3
=——logx+—— c
4 2 3+1
4 2 -2
=——logx+ ——-—+c¢

4 2
= ——logx+—+—+c

x? x sin’x

27 3
3. Evaluate: I(——+ 5 jdx

Solution:

2 7 3
J.[—z—-i- ) j dx
X X Sin X

= _f[2x2 —l+ 3coseczx) dx

X
2 —2+1

= ; 1—7logx—3cotx+c
-2+
2x !

= —177logxf3cotx+ c

1
=———Tlogx —3cotx+c¢c
2x




Conjugate Model:
cos’ x

4. Evaluate: ® 1+ sinx

dx

Solution:

2 .
I cos” X ><(l—smx)

I+sinx (1-sinx)

(a+b)(a—b)=a’-b’

_ _[ cos’ x(1 - sinx)
1-sin® x
_ I cos’ x(1 - sinx)
cos’ x

= j(l—sinx) dx
=X+ COSX+C

5. Evaluate: .[Sinz x dx

Solution:
[sin’
sin” x dx

= %I(l —cos2x)dx

dx

dx

1 sin 2x
=—|x— +c
2 2

6. Evaluate: jcosz x dx

Solution:

J‘cos2 x dx

1
ZEI(H cos2x)dx

1[ sinZX}
==/ x+ +e
2 2

7. Evaluate: Isin3 xdx

Solution:

Isin3 x dx

1
= ZI(Ssinx —sin3x) dx

J+e

1
= —[—3cosx+ o
4

s3x

Multiply and Divide by the conjugate jof
(1 +sinx)= (1 —sin x)

cos’x+sin*x=1

= cos’x=1-sin’x

cos2x=1-2sin’x

= 2sin’* x = 1 — cos 2x|.

sin’ x = %(l —c082X)

cos2x=2cos*x —1

=1+ cos2x = 2cos’ X

= %(H c0s2x) = cos’ X

sin3x = 3sinx — 4sin’ x

4sin’ x = 3sinx —sin3x

sin’ x = —(3sinx —sin3x)




8. Evaluate: ICOS3 x dx

Solution:

Icos3 x dx

cos3x = 4cos’ x —3cos X

1
=—|(@3 +cos3x) d
4~[( cos X+ cos 3x) dx 3cosx+ cos3x = 4cos’ X

1
Z(3 cosX + cos3x)= cos’ x

1[ . sin3x}
:Z 3sinx+ +

9. Evaluate: jsin 5xcos3x dx

Solution:

_[sin 5xcos3x dx

= lJ‘[sin(Ser 3x)+ sin(5x —3x)] dx Recall from
2 Maths-I
Ui , S+S=25C
= EJ(SIH 8x + sin 2x) dx 2SC =IS+ S SJ:S: CS
_ 1] —cos8x cos2x | SC=_[S+8]| |C+C=2CC
2L 8 2 |°° C-C=-288

10. Evaluate: j sin 7x sin4x dx
Solution:

Isin 7xsin4x dx
-1
= ?j[cos(7x+ 4x) —cos(7x —4x)] dx

= _%I(cosl 1x —cos3x) dx

-288§=C-C
_71 sinllxisin3x ‘e 1
o2 11 3 BTl
11. Evaluate: Isin23x dx
Solution:
J‘ sin? 3x dx Refer Problem 5
1
=—[1- 2
- %f(l—coséx) dx = g cos2x]
1 sin 6x sin’3x = l[l—cos 2(3x)]
_ E[X_} c 2

1
=—[l1-cos6
2[ x]

12. Evaluate: J‘COS3 S5x dx

Solution:

J. cos’ 5x dx Refer Problem 8

cos’ x = i(3 cosx + cos3(5x))

1
=—1(3cos5x+ cosl5x) dx
4

1
cos’ 5x = ZGCOS 5x+ cos3x)

:%(30055x+ cos15x)

1| 3sin5x sinl5x
=— + +c
4 5 15




INTEGRATION BY SUBSTITUTION

So far we have dealt with functions, either directly integrable using integration formula (or)
integrable after decomposing the given functions into sums & differences.
sin(log x) 2x+3

But there are functions like ,
X X"+ 3x+5

differences of simple functions.

which cannot be decomposed into sums (or)

In these cases, using proper substitution, we shall reduce the given form into standard form, which
can be integrated using basic integration formula.

When the integrand (the function to be integrated) is either in multiplication or in division form and
if the derivative of one full or meaningful part of the function is equal to the other function then the
integration can be evaluated using substitution method as given in the following examples.

2x+3
1. _
J. x*+3x+5

2. j%dx = Isin(log x)l dx
X X

d
since & (x? +3x + 5) is 2x + 3 it can be integrated by taking y = x* + 3x + 5.
X

Here i(log x) = l
dx X

The above integration can be evaluated by taking y = log x.

Integrals of some standard forms:

')
f(x)

same type and the use of substitution y = f(x) will reduce the given function to simple standard form
which can be integrated using integration formulae.

Integrals of the form |[f(x)]"f'(x)dx dx, |F(f(x))f'(x)dx are all, more or less of the
[(FCO ' (x)dx,

WORKED EXAMPLES
PART - A
1. Evaluate: 1= Isin3 x '
Solution:
Puty=sinx ... (1)
dy

—=C0SX

X
dy = [cos xdx]

I= Iyde using (1)

4

S A

4
sin® x

X



2. Evaluate: 1= .[-

e +e
Solution:
y=e"+e " 1))
dy _
—=e"+e (-1
i D
— eX _e—X

o=
s = J.ﬂ using (1)
y

=logy+c
=log (e"+e ™ )+c¢c

3. Evaluate: Itanx dx

Solution:
[sinx] |
I=
-[ COSX
Puty=cosx ... (1)
ﬂ: —sinx
dx
dy= —sinx dx

I= I_—dy: —logy=—log (cosx)+c
y

1
=log(cosx) ' = log(—) = log secx+c
COS X

4. Evaluate: Icotx dx

Solution:

I= jcotx dx

e,

sinx
Puty=sinx ... (D)

ﬂ: COSX

dx

s I= J.ﬂz logy = log(sinx)+c
y

Note:

d
—1
™ og(secx)

1
= .SecX tanx
secx

= tanx

J.tan xdx = log(secx)+ ¢

Note :

d
il | i
= og(sinx)

sin x
= cotx

J-cot x dx = log(sinx)+ ¢

.COS X




5. Evaluate: ,[ e > dx

Solution:

I= J. e ! dx

1-x’
Puty=sin'x ...
dy 1
dx 1-x*
dy= ! dx

1-x°

s d= jeydy: e’+c¢c

sin~' x

=¢ +C

6 Evaluate: [002%)°
. Evaluate: I— dx
X

Solution:

I= f(log x)’ ldx

X

Puty=logx ...

dy _
dx

dy=|—dx

SRR

I=[y'dy

6

=Y e
6
6
_ (logx)”
6

COSX
7. Evaluate: j—2+ 3sin dx
X

Solution:

I:fdx

2+ 3sinx
y= 2+ 3sinx

d_y: 3cosx
dx

dy = 3cosxdx

%dy=



L= [l
3y

llo +c
3 gy

8. Evaluate: Isecx dx

Solution:

llog(2+ 3sinx)+c
y

= I secx(secx + tanx) dx

(secx+ tanx)

3 J- (sec’ X+ secX tanx)

(secx + tanx)
y=secx+ tanx

dy

= secx tan X + sec’ X
dx

dy = (secx tanx + sec’ x) dx

d
.-.I:j?y

=logy+c

= log(secx+ tanx)+ ¢

9. Evaluate: _[COSCC x dx

Solution:

I= Icosec x dx

B J- cosec X (cosec X + cot X)

(cosec x + cot X)

dx

J. (cosec’x + cosec X cot X)

(cosec x + cot x)
y=cosec X + cot X

dy

= — cosec X cot X — cosec’x
dx

dy = —(cosec x cot x + cosec’x) dx

—dy= |(cosec X cot X + cosec’X) dx|

log(cosec x+cot x) + ¢

Multiply and Divid¢

sec X +tan x




10. Evaluate: I(XZ —-5)*x dx
Solution:
I=[(x* = 5)"[x dx]
y=x"-5

ﬂ: 2x
dx
dy = 2x dx

1 2 5
=—(x“ -5 +cC

1. Evaluate: I(2+ sinx)3

Solution:

y=2+sinx

T4 4

CcoS \/;

2. Evaluate:.[ x dx

Solution:

Izjcos&
y=x

dy 1

dx 2Jx

2dy = de

Jx

dx

1
NS

2+ sinx)*
c=—( ) +c

PART B & C



= J.cosy2dy
=2siny+c
= 2sin(v/x)+ ¢

5602 X

Evaluate: Im X

Solution:
2
sec” x dx
1= j .
(2+ 3tanx)
y=2+3tanx
& 3sec’ x
X

dy = 3sec’ xdx

1= Lpdy
..1_3[y3

= % [y~dy

= —%(2-& 3tanx)’+c

Evaluate: Ixz cos(x’) dx

Solution:

I= Ixz cos(x’) dx = Icos(x3)

3

y=x
ﬂ:_g 2
dx
dy = 3x’dx

1.
=—SIm(x" )+ c
3 (x%)



5. Evaluate: IeSiH *sin2x dx

Solution:
1= J.esmz" sin2x dx |.sin2A = 2sinAcps A

L, .
= jes‘“ *12sin x cosx dx

22
y=sin" x

dx .
—=2s8InXCOSX
dy

= J e’dy
=¢'+¢c
=™y e
6. Evaluate: j(2x2 —8x+5)"(x—2) dx

Solution:

I=[(2x* - 8x+5)"

2

y=2x"—8x+5

dy=4(x-2)dx

T=[2

= %(n2 —8x+5"+C

in"' x)*dx

7. Evaluate: _[(S—
. ' JI-x?

Solution:

I= I(sin’] x)*

y=sin"'x
dy__ 1
dx 1-x’
1
dy= —2dx

1-x




I= fy4dy

5

y

=—+C
5
e 1
_Gint x)
5
8. Evaluate: J‘\/tanx sec? x dx
Solution:
[am
y=tanx
d
Y sec?x
X

dy = [sec’ x dx

s = I\/§dy
= Iy%dy

= %(tan x)% +C

9. Evaluate: _[

Solution:

I=J. ! ldx
logx | x

y=logx
dy 1

dx
xlogx

dx x

dy= ldx

X

1
I=|—dy
F
=logy+C
= log (logx)+ C



cotx
10. Evaluate: _[— X
log (sinx)
Solution:

1
I=fm-

y = log(sin x)

ﬂ: ——COS X
dx sinx
d_y: cotx
dx
1
s I=|—dy
;5
=logy+C
= log(log(sinx))+ C

STANDARD INTEGRALS

dx

dx dx
2 2’_‘. 2 2 andJ. ’
a"tx X" —a Ja? —x2

Integrals of the form I

1. Evaluate: dx
J‘az +x2
1
[= | —|dx
J.a2+ x2 dx
Put x=tan 0 a’+x’
dx ) =a’+ (atan0)’
—=asec 0
do =a’+a’tan’0
e
=a’sec’0
1= . 29 do
jaQ g Asee
) Xx=atan0
= [~do N
a = tanf=—
1, a
a —=0=tan"’ [i)
=—tan"' [3) +C a
a a



dx

2. Evaluate: I

a’ —x’
=I | dx (a-:x)+(a—x)=2a
(a+x) (a—x) .'.2—[(a+ x)+ (a—-x)]=1
a

L[(a+ x)+(a—x)]
= (22 dx
(a+x)(a—x)

_LJ- a+x+a—x
" 2a (a+x) (a—x)

|Dividing Separately|

:LjﬂdX‘i‘L ﬂ
2a7 (a4+%) (a—x) 2a7 (a+x) (3-%)
i dx 1 dx

2a'a—x 2a‘a+x

dx

Note:—(a—x)z -1 and i(x+ a)=1
dx dx

_—_lj(—l)dx_’_LJ-ldX

(a—x) 2a‘a+x

-1 1
=—1log(a—x)+ —log(a+ x
2a g(a—x) 2a g(a+ x)
1 1
= —10g(a+ x) ——log(a —x)
2a

(7
= Log[ 2% )1 e
2a a—x

dx
3. Evaluate: J‘xzf 2

a
1= J'dej(az

_I dx
I (xta)(x-a)

:j 1 (x+ a)—(x—a)dX
2a (x+a)(x—a)

J- (x+a)—(x— a) dx
2a (x+a)(x—a)
D1V1d1ng Separately,

de de
“2a M(x a) 2a (x+a)9/7

= —log(x —a)——Tlog(x+a)
2a

——lo( a]+c
2a g X+ a



1
4. Evaluate: .[ mdx
1
I= | ——]dx]
[

Putx=asin0 X=asin0

a’ —x’=a’ —(asin0)’ dx_ acos0
do

=a’—a’sin’0 | dx=
=a’(1-sin’0)
=a’cos’0

Ja? —x? = \a%cos?0 = acos0

.'.I:I ! acos6 do

acosO X=asin0O
_ . X
—J.dG =sinf=—
a
=0+c
. (x
. X =0=sin"| =
=sin” —+¢ a
a

List of Standard Integrals Formulae:

S1.No. Integration Result
dx 1 ., x
L. —tan —+c¢
J.az +x’ a a
dx 1 a+x
2. —lo +c
-[ a’ —x’ 2a g a—x
dx 1 X—a
3. —lo ( )+ c
IXZ _a? 2a g Xx+a
dx
4. I— sin| 2]+ ¢
Va® —x? a

WORKED EXAMPLES

PART - A

dx
9+ x2

1. Evaluate: _[

Solution:
dx 1. . (x
I 3 3 =—tan | —|+¢C
a“+x" a a
a’=9=a=3

j dx —.[ dx —ltanl[i]+c
9 Jx+ 237 %+ 3 3




dx

2
—X

2. Evaluate: j

Solution:

J- dx —ilo (a+xj+c
a’—x> 2a & a—x

|If a=>5, thenaZ=25|
J- dx _I dx
52 57 —x?
1 [5+ xj
= log +c
2x5 5—-x

(5+ x)
= 1 +c
10 5—-x

dx
x> —16

3. Evaluate: _[

Solution:
_[ dx —Llo (x—aj
-a 2a \x+a
J- dx 1 o [x74)+c
T T ke B e
1 [x—4)
=—log| —|+¢
8 X+ 4

4. Evaluate: _[d—x
’ TJ36-x2

Solution:

I\/:—sm (X]'FC

la2=36=a=¢|

j\/j—51n (Xj'i‘c

PART-B & C

dx

1. Evaluate: jm

Solution:

-

(2x+3)*+9
y=2x+3

Y,

dx

dy = 2dx

%dy=



P L L

a’=9=a=3

27y*+9
=l><ltan’1 (X]+c
2 a a

= ! X ltan" (X) +c
3 3

2
1 1[2x+ 3]

= —tan +C
6 3

2. Evaluate: I
. (3x—4)’-25
Solution:

Puty=3x-4

dy_
dx
dy= 3dx

%dy=

1 (Bx—-4)-5
= —x log +c
3 2x5 3x—4+5

1 3x-9
=—log +c
30 3x+1

dx

3. Evaluate: jm

Solution:
1= I— > (2x)* = 4x°
49 — (2x7)
y=2x

&y_,
dx
dy = 2dx

%dy:



2 _
1 1
L L7y
2 2a T-y
1 7+ 2x
=— +c
2 2x7 7-2x

dx
Evaluate: I >
V121-(3x+5)

Solution:

1=
J121-(3x+ 5)°

y=3x+5

_s
dx
dy = 3dx

%dy=

,-,1=1IL la2=121=a=11

Evaluate: j

dx
V144 - 5x2

Solution:

I:J- dx
V144 - 5x*
= I (\/gx)z = 5x?

Puty= \/gx
dy
=2_./5
dx \/7
dy = ~/5dx

1
—dy=[d
\/gy



1
L
_ I . [y
—ﬁsm [gj+c

1 71(\/5)(\

= —sin

NG

Evaluate the following:

(i) I(2x3 - 4&) dx

(iv) j (e“x+—2e*‘*) dx

Evaluate the following:

(@) [@-5%)dx

(iV)I /1+ C(Z)SZX dx

Evaluate the following:
(i) [oos® xsinx dx

@) | 1"5" d

Evaluate the following:

. dx
® I 49+ x’

Evaluate the following:

(i) [(3x—4) (2x+5) dx

i )J-sm *x dx

1—-cosx

Evaluate the following:
(i) [sin’4x dx
(iv) [cos® 2x dx

)T

. dx
O
v) I\/3+ 4x dx

EXERCISES

PART

t(ii) j[x ——+ ) dx

v) Isec Sxtan5x dx

sin X

d
) J‘3cos +4 X

(111)_[ tan ' x

dx
(ii1) I =36

-A

(Vi) J‘eg)(75dx

1
1+ x?

—dx

(vi) [ (< + 3)*x dx

PART B and C

(ii) j[x —lj [3+ %] dx

™ |

1+ cosx

(i1) J.cosz 3x dx

(V) Jcosl Ixsin7x dx

dx

(vi)

(111) '[ [ COS X

. dx
) 'f V64— x*

3

sin’x

dx

1-sinx

(iii) [sin® 6x dx

(vi) cos6x cos2x dx

)

(iii) J‘ wdx



Evaluate the following:
(i) [(3—cosx)’sinx dx
(iv) [x*sec’(x’) dx (v) [ sin2x dx

Evaluate the following:

(ii) sin ' g) +c

v) %(3+ 4x) %+ ¢

6 2—;(2 —5x) +¢

(iv) sinx+c

(1) B COsS

(ii) %10g(1+ e )+c

(v) %log(3cosx+ 4+ ¢

1 2+ x
ii—lo( ]+c
()4 i

(iv) sin™* [§]+ c

@iv) %(log X) +c¢

. (D) %tan1 [%) +c

1 X—6
iii) —1 (—]Jr
(i) 12 o8 x+6 ¢

cosec’x dx
G )-[ 4+ S5cotx

(vi) (x> —6x+5)" (x—3) dx

-1 3
(i) I%dx (if) [ VSinx cosx dx (i) | X(lolgx)2
. tanx dx - . (2x+3)
(iv) | —— (v) [~ dx (Vi) | ———dx
j log(secx) J 1-x? I Vx*+3x—4
Evaluate the following:
. X .. X dx
O 4 Gxt 1) Ol Frawee Gi) [ 7= (Tx—3)°
dx dx dx
V) | ——5— V) | — (V) —
I(5><+ 2)" -4 J.«/25—(x+1)2 V169 — 4x>
ANSWERS
PART - A
4
. ()£—§Xy+c (ii)%+1+logx+c (iii) 7tanx+ 3cotx+ ¢
X
4x —4x
(iv) 5{64 + : } ¢ ()X, (vi) %es“ +e

(iif) %tan’l (%] +c
(vi) —241-x+c¢

tan”' x

(iii) e +c

(vi) %(x2 +3) +c

PART -B & C

2 2

. (1) 2)(3+7X —20x+c¢

(iv) X+ sinx+ ¢ (V) —cotx+ cosecx+ ¢

3x 5
i) —+2logx+ =x*+c¢
(1) 2 gx+-

3
(iii)x?—x+logx+c

(vi)tanx+ secx+ ¢



[\

1 sin8x
)= x— +cC
(1) 2{ 2 }
(iv)l 3»s1n2x+
4 2 6

@) —%(3 —cosx)’+c¢

(iv) %tan(x3)+ c

@) %(tan1 x)'+c

. _ Hint =y =log (sec x)
(iv)
log [log(secx)]+ ¢

(i) %t s [3"; 1)+ ¢
1 [x+2)-2
) 20 1Og{(5x+ 2)+ 2}L ¢

sin 6x
+c

o1 sin 6X
(i) —=| x+ +c
2 6

cos4x

1| —cosl18x
V) = +
2 18 4

(ii) — 2cosv/x + ¢
(v) - e Nt
(ii) %(sin X))+ ¢

1 ..
(V) Ee25111 x+ c

1 1(2){)
11) —tan | — |+
( )10 5

(e}

(v) sin™' [%1) +c

—3cos6x

cos18x

L1
111) — +
( )4[ 6 18

} ¢ (vi) %[Smgx +

8 4
S|
(iii) —glog(4+ Scotx)+c¢

1, g
vi) — (X" —6x+5)°+c¢
( )16( )

,1 _
iy 408 (o =L o
-1 logx

(Vi) 202+ 3x —4) 2 + ¢

(iif) Ziglog [—2 * (7x=3) } c

2—(7x+3)
(vi) lsin" [2—){] +c
2 13

sin 4x
+c

[+



INTEGRAL CALCULUS-II

INTEGRATION BY PARTS

Integrals of the form Ix sin nx dx, [ x cos nx dx, | x e™ dx, [x log x dx and | log x dx. Simple Prob-
lems.

BERNOULLI'S FORMULA

Evaluation of the integrals Jx™ sin nx dx, [x™, cos nx dx and [x™ enx dx where m <2 using Bernoulli's
formula. Simple Problems.

DEFINITE INTEGRALS

Definition of definite Integral, Properties of definite Integrals — Simple Problems.

INTEGRATION BY PARTS

Introduction:
When the integrand is a product of two functions and the method of decomposition or substitution
cannot be applied, then the method of by parts is used. In differentiation we have seen.
d dv  du

—(@v)=u—-+v
dx dx  dx

i.e d(uv) =udv + vdu

Integrating both sides:
Id(uv) =Iudv+ J. vdu

uv= judv+ Ivdu
i.ej. udv=uv-— I vdu

I udv=uv-— Ivdu is called Integraiton by parts formula.

The above formula is used by taking proper choice of 'u' and 'dv'. 'u' should be chosen based on the
following order of Preference.

1. Inverse trigonometric functions
2. Logarithmic functions

3. Algebraic functions

4. Trigonometric functions

5. Exponential functions

Simply remember ILATE.



WORKED EXAMPLES
PART - A

1. Evaluate: jx cosx dx
Solution:
J.udV= uv — Ivdu

choosing u =x and dv = cosx dx
du=dx Idv= Icosxdx
v =sin X

" IX cosx dx =Xsinx—Isinx dx

=xsinx+cosx+c
2. Evaluate: Ilog xdx
Solution:
Choosing u = log x and dv = dx

Judv= uv—jvdu

du= %dx Idv= _fdx

v=X

.‘.Ilogx dx = logx. X—J‘x%dx
= Xlogx—jdx

=xlogx—x+c

PART-B & C

1. Evaluate: Ixe’xdx
Solution:

u=x dv=e'dx

du L
—=1 V= —¢
dx

du=dx

J.udV= uv — Ivdu
w [xerdx = (%) (e ) - [ e Mdx
=—-xe "+ Je”‘dx

=—-xe'—e“+c¢

=—e " (x+D+c



2. Evaluate: Ix sin2x dx

Solution:

u=x dv=sin2x dx

du —C0S2X
—=1 V=

dx 2
du=dx

Iudv= LlV—J.Vdu

jxsin2x: (x)(cozszx) —JCO;ZX dx

— 2 1
= w+ —_fcost dx
2 2
—XCc0s2Xx sin2x
= + +c
2 4

3. Evaluate: J.x logx dx

Solution:
Choosing  u=logx anddv=xdx
1

2
du=—dx V=
X 2

2 2
Ix logx dx = logx[%J —J.X?x%dx

2
. l;gxf%.[x dx
~ x’logx  x°

——+c
2 4



BERNOULLI'S FORM OF INTEGRATION BY PARTS

If u and v are functions x, then Bernoulli's form of integration by parts formula is

judv= uv—u'v,+u"v, —u""vy+

Where u’, u”’,u’""..... are successive differentiation of the function u and v, v, v,, v,,
successive integration of the function dv.
Note:

The function 'v' is differentiated upto constant.

PARTB & C

Example:

1. Evaluate: szezxdx
Solution:
Choosing u= x> and dv=e*dx

u’ = 2x _627
V="

"__
u'=2 o2
v, =
4
er
V. =
2
8

fudv= uv—u'v,+u"v, —u"'vy+ ...

e”™  2xe™™ 2e**
- + +c
4 8

fxze2xdx =x’
2. Evaluate: Ixz sin2x dx
Solution:
Iudv =uv—-u'v,+u"v, —u""vy;+ ...

u=x> and dv=sin2x dx

u' = 2x v —C0S2Xx

2
u’"=2 V1= —Sin2x

4

cos2x
2= 3
. — 2 —sin?2 2

(2 (0 (2

—x%cos2x xsin2x cos2x
= + +
2 2 4




2
3. Evaluate: IX cos3x dx
Solution:
Iudv =uv—-u'v,+u"v, —u""vy;+.........

u=x> and dv=cos3x dx

u' = 2x v sin3x
3
u"=2 v,= —cos3x
9
—sin2x
v, =
27
-'-_[Xz cos3x dx = (Xz)[sm3x) —(2x)(COS3X]+ (2)(sm3x)+ .
3 9 27
x?sin3x 2xcos3x 2sin3x
= + - +c
3 9 27

DEFINITE INTEGRALS

Definition of Definite Integrals:

Let If (x)dx = F(x)+ ¢, where c is the arbitrary constant of integration. The value of the integral.
whenx=b,is F(b)+c ... (1)

and whenx =a,is F(a)+¢ ... 2)

Subtracting (2) from (1) we have

F(b) — F(a) = (the value of the integral when x = b) — (The value of the integral when x = a).
b
ief f(x)dx=[F(x)+c]

=[F(b)+ c]-F(a)+c
=F(b)+c—F(a)-c
= F(b)-F(a)

Thus

jf (x)dx is called the definite integral, here a and b are called the lower limit and upper limit of

a

integral respectively.

Properties of Definite Integrals:

Certain properties of definite integral are useful in solving problems. Some of the often used
properties are given below.



l. .Iff(x)dxz —jf(x)dx

2. [[f()+ g(ldx = [ f(x)dx + [ g(x) dx
3.If a<c<bin|a,b]

j.f(x)dxz jf(x)dx+ .Tf(x)dx
4. Tf(x)dXZ j.f(t)dt

5. jf(x)dx= jf(a—x)dx
6. ff(x)dx= 2]llf(x)dx if f(x) is even i.e f(— x) = f(x).

=0uf(x)isodd iff(x)isodd i.e f(—x)=-1(x)

7. Tf(x)dx= Tf(2a—x)dx

WORKED EXAMPLES
PART - A
¢l
Evaluate: I—dx
| X
Solution:
1
Let I= j —dx
| X
=[log X]l2
=log2 —logl (. logl=0)
I=1log2
i

Evaluate: I sinx dx
Solution: °
b2
Letl= I sinx dx

0
= [fcosx];%
oL
= —cos—+ cos0
2

=0+1
I=1



%

Evaluate: J sec’ x dx

Solution: 0

A
Let1= '[ sec’ x dx

0
= [tanx]ZA
= tanEftanO

I=1
2

Evaluate: 1= J.(x+ x%) dx

Solution:

2
LetI= I(x+ x*) dx

£
2.2 (1)
273) 127 3)

|
|
F%W
(12+16j [3+ 2)

_28
6

+

28

1
Evaluate: sz (1-x)"dx

0
Solution:

By property : If(x) dx=If(a —x)dx
0 0

[x*(1-x)"dx=[(1-%[1-(1-%)]"dx

0

1
= [a-2x+x*) x . dx




PART -B & C
7 cos’ x

—dx
1. Evaluate: ;
valu ;[1+ sin x

Solution:

LetI= |

7 1+ sinx
b

Al—sinz X
1+ sinx

_ J- (1-sin x)(.1+ sinx) dx
o 1+ sinx

2
2. Evaluate: J' cos? x dx

Solution: °
i
Let I=I cos® x dx
0
A
1 2

I jcos « dx o cos? x = —F COS<X
) 2
%

= —I (1+ cos2x) dx
2 0
1[  sin2x %

= — +
21 2
1_[n sinn) ( sinO)
21027 2 2
e

=—| =+ 0—0+0}
20

=
202

==
4



T
7 sin x

LSS
3. Evaluate: ) sinx+ cosx

Solution:

J.f(x) dx = J.f(afx) dx by property
0 % 0

S Letl= I _Sde ...... Q)
) SINX+ CosX

n(23 )
TG e )

COSX

'—-&

& 2)

o3

COS X+ sin X

Adding (1) & (2)

Y 7[

7
Sll’lX COS X
2= j j
Sll’lX+ COSX 0 COSX+ Sll’lX

N

sin X+ cosx
fsinxt cosx

0 sin X+ cosx

%

Idx

I

a
N

2I=|x

2[=—-0

T
2
==
4

%
4. Evaluate: J- sinx cosx dx
Solution:
The given Integrand sin’x cos x is even.
7 %
" j sin®x cosx dx = 2_[ sin®x cosx dx
=2 0
, %
{sm%c} ’ f(x)=sinx
f’x = cosx
= 2[sin3 g— sin’ 0} n=2
using [[£(O"f(x) dx

= —(1) B [f(x)]n-H

n+1

+C



Evaluate: j xe*dx
Evaluate: _[ xsinx dx
Evaluate: .[ xe?*dx

Evaluate: _[ Xcosx dx

Evaluate: _[X2 sinx dx

Evaluate: Ixz cosx dx
2 X

Evaluate: jx e" dx

Evaluate: Ilogx dx

2
Evaluate: I(X+ x2) dx
1

A
Evaluate: j cosx dx
0
A
Evaluate: j sinx dx
0
J. cosx dx
0

Evaluate the following:

D) [xetdx
3) Ix3 cosdx

7
5) J.sin2 x dx
0

7) [ (@x+3)* dx

sin’ x

9) dx

1—-cosx

%
{

EXERCISE

PART - A
PART - B
PART - C

2) J.x3 sin xdx
4) flogx Cx"dx
7
6) I cos’ x dx
0

%
8) [ 2sin3x cos 2x dx
0

7
10) I sin” x cosx dx
0
ANSWERS
PART - A

2)—xcosx+sinx+c

4) xsinx +sinx+¢



PART - B

1) —x>cosx+2xsinx+2cosx+c¢
2) x*sinx+2xcosx—2sinx+c
3) x?e*—2xe*+2e*+c¢
4) xlogx—x+c¢c

23

5) v 6) 1 71 8)0

PART - C
1) x}er—3x%e*+b6xe*—6¢e +c
2) —x3cos X +3x%sin X + 6X cos X — 6 sin X + ¢
3) x3sinx +3x*cos x —6XSinXx—6cos X +¢
4 XnHlOgX_ _ .
n+1 (n+1)?

C

5) = 6) = 7) 288.2 g S 9) =+1
T ) 288, )2 )

1
10)



APPLICATION OF INTEGRATION-I

Area and Volume

Area and Volume — Area of circle, Volume of Sphere and cone — Simple Problems.
First Order Differential Equation

Solution of first order variable separable type differential equation — Simple problems.
Linear Type Differential Equation

Solution of linear differential equation — Simple problems.

Introduction

In Engineering Mathematics-1I, we discussed the basic concepts of integration. In Engineering
Mathematics-I, we studied the formation of differential equation. In this unit, we shall study the applica-
tion of integration and first order differential equation.

AREA AND VOLUME

Area and Volume:
We apply the concept of definite integral to find the area and volume.
Area:

The area under the curve y = f(x) between the x-axis and the ordinates x = a and x = b is given by

b b
the definite integral If (x) dx (or) Iy dx -

y e
= 15 A
O
< I
I s
o
O Fig.4.11

The area is shown as shaded region (A) in Fig.4.11

Area=A= j).f(X) dx = j‘y dx

a



Similarly, the area between the curve x = g(y), y-axis and the lines y = ¢ and y = d shown as shaded
region (A), in Fig. 4.12

y
- x=g(y)
7

y=c
X
O
Fig 4.12
is given by

d d
Area=A= jg(y) dy (or) jx dy
Volume: ¢ ¢

The volume of the solid obtained by rotating the area (shown in Fig.4.11) bounded by the curve
y = f(x), x-axis and the lines x = a and x = b is given by

V= nf[f(x)]zdx (or) m Iyzdx

Similarly, the volume of solid obtained by rotating the area (shown in Fig.4.12) bounded by the
curve x = g(y), y-axis and the lines y = ¢ and y = d about the y-axis is given by
d

d
V= nfg(y)zdyz n Ixzdy
WORKED EXAMPLES
PART -A

Find the area bounded by the curve y = 4x3, the x-axis and the ordinates x = 0 and x = 1.
Solution:

1.

Area= j-ydx =j. 4x>dx
0

a

(2]

= (1)* —(0)* = 1- 0= 1 square units

2. Find the area bounded by the curve y = ¢* the x-axis and the ordinates x = 0 and x = 6.
Solution:

Area= jexdx=jexdx= [eX]Z
0 0

= e’ —e” = e’ —1 square units



3. Find the area bounded by the curve x = 2y?, the y-axis and the lines y =0 and y = 3.

Solution:
2 2}’3
Area= .[Zy dy=
3 0

- {%} —0= % = 18 square units

3

4. Find the volume of the solid formed when the area bounded by the area y? = 4x, the x-axis and the
lines x = 0 and x = 1 is rotated about the x-axis.

Solution:

b
Volume= V = 71'.[ y?dx

1 2 1
= ch4x dx=mn 4x
0 2 0

=n[2x*] = n[20)*]-

= 21 cubic units

PART - B
1. Find the area bounded by the curve y = x* + x + 2, x-axis and the lines x=1 and x = 2.

Solution:

b 2
Area= Iy dx = j(x2+ x+2) dx

1

o3 2 2
S R
3 2

1
22 22 P

=|—+—+22 —+—+2(1
377 ()} L 7 ()}
§+i+4 - l+l+2}
13 2 3 2

_ § } [2+3+2}
13
8+

v 6]
[5+12} 17

__6}
3
52—

6

6

= — sq.units
6 q.



2. Find the area enclosed by one arch of the curve y = sin x, x-axis between x =0 and x = 7.

Solution:

Area= .Ty dx = ]Esinx dx

0
=[—cosx] =[-cosn]—[-cos0]
= —(=1)+ 1= 1+ 1= 2 square units
3. Find the volume of the solid generated when the region enclosed by y* = 4x* + 3x2 + 2x between

x = 1 and x = 2 is revolved about the x-axis.

Solution:
b
Volume=V = th ydx
2

= ch (4x* + 3x* + 2x) dx

1

[4){4 3x* 2)(2}2
=7 +—+

= n[24+ 23+22]—n[14+13+12]
=n(16+8+4)—n(1+1+1)

= 28n — 31 = 251 cubic units

4. Find the volume of the solid formed when the area bounded by the curve y = /10+ x between
x =0and x =5 is rotated about x-axis.
Solution:

5

Volume=V = nj.yde= nj[\/10+ x]z dx

0

] St=——w

| (10+ x) dx

2 5
=T 10x+X—}
2

0

= 1| 10(5)+ %}{10(0)+ %}

=7 50+£}—0
2

cubic units

B n'100+ 25} 1257
- 2



PART - C
1. Find the area of a circle of radius a, using integration.

Solution:

Area bounded by the circle x> + y* = a% the x-axis, and the lines x = 0 and x = a is given by

Area OAB= [y dx
0

|2
2 a
sin90=1
a a2 LIS o |
=5(0)+ ?sm ) 90° =sin (1)
180 .
2 227: sin”' (1)
=0+—.—
2 2
_ma’
4
Area of the circle = 4 x Area OAB
2
=4 x E
4

= na’ sq.units

Aliter:

I= f\/az —x*dx
0



Put x=asin0

whenx =0 whenx=a
asin6=0 asinf=a
sinO= 0=sin0 sin9=1=sin90=sin[g]
0=0 0=—=
2
\/az—x2 =\/a2—azsin26
= /a’(1—sin”0) Xx=asin 0
=+/a’cos’0 d—xzacosﬁ
do
=acosO dx = acos06do
A
~= I (acos0)(acos6)do
0
% 2
= [ a®cosH do
0
A 1+ cos 260
_ J-aQ (1+ cos20) 40 5
0 2 ~ {+2cos?0- [
a2 7 - 2
=5 [ (1+ cos 26) do ~ 05’0
0
a’f sinZO}%
=—0+
2 L 0
2| sin(2 x V) 2
_a'|x, Sn@xF)) 2 0+0)
212 2 2
a’ln sinlSO} az{n } na’
=—|—+—|=—| =+ 0|=
212 2 212 4

2. Find the area bounded by the curve y = x*> — 6x + 8 and the x-axis.

Solution:
Y
< :
To find limits
Put y = 0 as the curve meets the x-axis
x> —-6x+8=0

x-2)(x-4)=0
x=2,4



4
Area = [(x* —6x+8) dx

2

M3 2
= X6 + 8x
3 2

4

2

_[# 6@ | [2
=15 +8(4)} {3 : +8(2)}

BT 32}—[§—12+16}
3 3

_ ﬁ_mHﬁw}
|3 3

__64—48} [8+12}
.3 3
16 20 -4 4 o
= ———=—=—sq.units (as Area is positive
3 3 3 3saunits ( p )

3. Find the area bounded by the curve y = 10 — 3x — x? and the x-axis.
Solution:
To find limits

Put y = 0 as the curve cuts the x-axis

10-3x—-x*=0

x*+3x-10=0

x+5x-2)=0

x=-5,x=2

2
Area= I(10—3x—x2) dx
-5

r 2 3P
_ IOX_K_X_}

L 2 3 -5

2 3 2 &\

_| 1023 2_H10(5)3( 5« j)}
~|20-6-2|-|s0- 2412

| 3 23
_[14 8] [-100-75 125

L3 2 3
_ ﬁ{—525+ 250}

3 6
_@_[—275}

6 L 6

68 275 343
= —+——=—— sq.units

6 6 6



4. Find the volume of a right circular cone of height h and base radius r by integration.

Solution:

Rotate a right angled triangle OAB with sides OA = h, AB = r about the x-axis. Then we get a right
circular cone.

Volume of cone

V=nfy2dx
0
hoo Equation of OB is
r o
=7tJ.Fx dx y = mx
0
2 3P :LX
{gx_} h
3 0 2_iX2
[ L W
>3
1
=—nr’h
3

5. Find the volume of a sphere of radius 'a' by integration.

Solution:

DZ

Rotate the area OAB (Quadrant of a circle) about OA, the x-axis. Then we get a hemi-sphere.




Volume of hemisphere

V= ni y’dx
0

I
a
O C—y
~
o
8]
|
e
8]
~
o
i

Volume of sphere = 2 x

6. Find the volume generated by the area enclosed by the curve y* = x (x — 1)* and the x-axis, when
rotated about x-axis.

Solution:
To find limits

Put y = 0 as the curve cuts the x-axis.

x(x=1=0=x=0(nr)x-1=0=x=1.
y

1
V= nj y’dx
0
x(x —1)*dx

=T

x(x? —2x+ 1) dx

T

(x* —2x*+ x)dx

] Ot — Ot~ O —,

=7
x* 2k x? ]
A xo2e _}
| 4 3 2,
[ 14 3 2
=7 L2 +1— —[0-0+0]
| 4 3 2
1 2 1
=T ——— _—
14 3 2
[3-8+6 1 i . .
=T =mn|— |=— cubic units
12 12| 12



FIRST ORDER DIFFERENTIAL EQUATION

Introduction:

Since the time of Newton, physical problems have been invetigated by formulating them mathemati-
cally as differential equations. Many mathematical models in engineering employ differential equations
extensively.

In the first order differential equation, say j—y: f(x,y), it is sometimes possible to group function

X
of x with dx on one side and function of y with dy on the other side. This type of equation is called

variables separable differential equations. The solution can be obtained by integrating both sides after
separating the variables.

WORKED EXAMPLES
PART - A
1. Solve:xdx+ydy=0
Solution:
xdx=-ydy
Integrating, Ix dx=— .f ydy+c
LI
2. Solve:xdy+ydx=0
Solution:
x dy= —ydx
dy_—d&x
y X
Integrating, _[d_;,: —J‘d?er c

logy=—logx+c

d
3. Solve: X—y= y

dx
Solution:
x dy=ydx
dy _dx
y X

. d d
Integrating, j—y = [£
y X

logy=1logx+c



d
4. Solve: —y—ycosx= 0
dx

Solution:
y
—=yCcosX
dx y
dy= ycosx dx
d
Y cosx dx
y

. d
Integrating, I—y = .[ cosx dx
y

logy=sinx+c

5. Solve: d—y: e*

dx
Solution:
dy = e*dx
Integrating, jdyz Iexdx
y=e"+¢
6. Solve: d_y: ! 5
dx 1+x
Solution:
dx
dv =
Y 1+ x?
Integrating Id = I dx
1Y 1+ x?

y=tan 'x+c¢

PART -B
dy X
1. Solve: —=
ove dx 1+ x°
Solution:
x dx
dy=——
Y 1+ x*

Multiply both sides by 2, we get
2x dx
1+ x°

2dy =

. 2
Integrating, J2dy = I 14)—( ()1:2(

Differentiation of Dr =1+ x> =2x = Nr
Then result = log Dr = log (1 + x?)

2y=log (1 +x*)+c



2. Solve: j_y: e*

Solution:
dy=e'e Vdx
d
zy =¢"dx
e
e”dy = e*dx

Integrating, Ies Ydy = J e*dx

e
—=c"+c
5
dy _ [1-y’
3. Solve: —=,/—
ove dx 1-x°
Solution:
dy = dx
\/l—y2 \/l—x2
. dy dx
Integrating, =
J‘\/l_y2 J.\/I_XZ
sin”'y=sin"'x+c¢
4. Solve: L= 3%
- Solve: 3ty
Solution:

B+y)dy=(CB+x)dx
Integrating, j(3+ y) dy= j(3+ x) dx

2 2
3y+ Y oax+ite
2 2

PART - C

1. Solve: sec’x tan y dx + sec’y tan x dy = 0.
Solution:
sec’x tan y dx = — sec’y tan x dy

sec” x dx _ sec’y dy

tan x tany
2 2
. sec” xdx sec’y d
Integrating, I anx = ,J' tarfly 4

Note:

If di(Dr) = Nr, then the answer is log Dr.
X

Here,

i(tan x)= sec’ x and i(tan y)=sec’y
dx dy




logtan x =—logtany + log ¢
log tan x + log tan y = log ¢
log tan x tan y = log c
tanxtany =c¢

2. Solve: d—y: eV +3x%e Y

Solution:

Y e 3x%e
dx

Y _ e ¥(e*+3x%)

dx
dy=eY(e"+3x%) dx

B _ (4 3x%) dx

e y

e’dy = (e* + 3x%)dx

Integrating, Ieydyz J(e" +3x%) dx
3
ef=e"+—+c
3
ef=e"+x"+c
3. Solve: (1 —¢*)sec’tydy +eXtany dx =0
Solution:
(1 —e¥) sec’y dy =—e* tan y dx
sec’ydy —e*dx

tany 1-¢*

sec’ydy —e*dx

Integrating,
g g j tany 1-¢*

As i(tan y)=sec’y and i(1 —e')=—e
dy dx

X

logtany =log (1 —¢e*) +logc
log (tan y) — log (1 —e*) =log ¢

log ltan;: = logc

tany _
1-¢*
tany=c(l—e")
4. Solve: (x*—y)dx+ (y*—x)dy=0
Solution:
x*dx —y dx +y’dy —x dy =0
x2dx + y’dy = x dy +y dx




Note:
By uv rule, d(xy) =x dy +y dx

x2dx + y*dy = d(xy)
Integrating, J. x*dx + J y’dy = Id(xy)

3 3

.y
—+—=xy+c¢
3 3 Y

LINEAR DIFFERENTIAL EQUATION

dy

dx

d
Differential equations of the form d—y+ Py=Q, where P and Q are functions of x are called linear Dif-
X

A first order differential equation is said to be linear in y if the power of terms and y are unity.

ferential Equations (LDE). The solution of linear differential equation is given by

yeIIDGIX = IQeIdedx+ c
(or) shortly y (L.F) = [Q (IF) dx + ¢ where IF = /™ IF is called Integrating Factor.
Note:
elosf() — f(x)
Examples :
elogx =X eIogx3 _ X3' eIog(sinx) — SinX
e—logx — el()g)f1 — X—l — l’ e—log(sinx) — elog(sinx)’1 = cosecX
X
WORKED EXAMPLES
PART - A

dy 5
1. Find the integrating factor of d—y+ —y=X.
X X

Solution:

Compare with ?+ Py=0Q
X

5
Here P=—
X
5
IF: eIde _ eJ‘;dx _ 6510gx
5
— elogx — XS



dy
2. Find the integrating factor of ——+
1m c 1mn egra 1ng actor o dX 1+ X

7Y=X.

Solution:

Compare with ;1_y+ Py=0Q
X

P 2x
1+ x?
2x dx
IF= eIPdX = e'[ bex?

2
— elog(l+x ) — 1+ XZ

dy 3
3. Find the integrating factor of d_z - ;y= x’ cosx

Solution:

Compare with

——+ Py=
x By Q

-3
- IF= eJde — eIde — e—3logx — elogx’3 -3 3 _

d
4. Find the integrating factor of d—yz —=.
X
Solution:
The given equation is
g.}. X — O
dx x

1
Here P = —
X

1
~IF= eJPdX = ej;dX e = x

dy 1
. . . L _y= 1
5. Find the integrating factor of Ix 1+ y

Solution:

Here >

1+ x

1
~IF= eJPdX - CII+X2 o — etan" X



PART - B
: : : dy
1. Find the integrating factor of e +y tan X = sec’x.
X
Solution:
.. dy
Compare with —+ Py=Q
dx
Here P = tan x

IF:e'[de _ eJ.tanx dx

Note:

d
—log(secx)= .secxtanx = tanX
dx X

j tan xdx = logsecx

IF = elogseex = gec x

dy
2. Find the integrating factor of Y tan X = cot X.

Solution:
Here P =—tan x
IF: eIde _ eItanx dx

— e—log(sccx) — elog(sccx)’l

= (secx) ' = = COSX

S€CX

3. Find the integrating factor of d_y+ ycotx=sinXx.

Solution:
Here P = cot x

IF = eIde _ eJ.cotx dx

Note:

d .
—log(sinx) = COsX = cot X
dx X

jcot x dx = log(sinx)

IF = "8t = gin x

. . . y
4. Find the integration factor of Y cot x = 4x°.

Solution:
Here P=—-cot x
IF: eJde — ejcotx dx

— e—log(sinx) — elog(sinx)’l

. _ 1
= (sinx) ' = ——= cosec x
sinx



PART - C

1. Solve: d_Y_iyz X’ cos X

. X
Solution:

Compare with %‘i‘ Py=0Q
X

Here |P= 73 and

X

IF — e_[de — ef’%d" —3logx

=€

et a1
0gx =X = —3
X

=€

The required solution is

y(IF)= [ Q(IF)dx+ ¢
y(isj = Ix3 cosx%der c
X X

= J-cosxdx+ C

%:sinx+c
X
2
2. Solve: d_y+ 3x7y = 2
dx 1+x° 1+%x°

Solution:
3x? 2
Here |P= and |Q=
1+ x’° Q 1+ x°
3x2dx
IF= ejpdx = ej L+x’

Note:di(n x’)=3x" .. Ans=log(l+ x*)
X

IF = elog(1+x3) —1+x3
The required solution is

y(IF)= [ Q(IF)dx+ ¢

y(+ X3)= _[(1+2X3)

y(1+x’)= IZ dx+c

(I+x)dx+c

y(1+x’)=2x+c¢



3. Solve: (1+ Xz)d_y+ 2xy=1
dx
Solution:

Divide both sides by (1 + x?)
dy N 2xy 1

& 1+x> 1+x°

2 1
Here |P= X2 and |Q=
I+ x 1+ x

2

2x

IF = eIPdx = eIHXZ

dx

=1+x’
The required solution is

y(IF)= [QUIF)dx+ ¢
2N 1 2
y(1+ x )_j—(H X2)(1+x ydx + ¢
:Idx+c

yl+x*)=x+c¢

d
4. Solve: Sy ycotx = 2cosXx
dx

Solution:

Here |P = cotx| and |Q= 2cosx

IF= eI - ef N ilog(sin X)=——C0SX = CcotX
dx sin x

— elog(sinx)
= sinx
The requried solution is

y(IF)= [ Q(IF)dx+ ¢
y(sinx)= IZcosxsinxdx+ c

=Isin2x dx | sin2A = 25inAcosA|

—C0S2X

sinx =
Y 2




5. Solve: d—y—ytanx= e" secx

Solution:

IF: eIde _ eI—lanxdx

e . i10 (secx) = secx tanx
= glosteen)! " dx g secx
4 = tanx
= (sec X) = = COSX
secx '
The required solution is
y(IF)= [ Q(IF)dx+ ¢
y(cosx)= je" secxcosxdx+c
1
= je" cosx dx+c
COSX
y(cosx)= Jexdx+ c
ycosx=¢e*tc¢
EXERCISE
PART - A

1. Find the area bounded by the curve y = 2x, the x-axis and the lines x =0 and x = 1.

2. Find the area bounded by the curve y = x2, x-axis between x = 0 and x = 2.

2
3. Find the area bounded by the curve y= X? , X-axis between x = | and x = 3.

4. Find the area bounded by the curve xy = 1, the y-axis and the linesy =1 and y = 5.
5. Find the area bounded by the curve x = 2y, the y-axis and the linesy =1 and y = 2.

6. Solve: xyﬂzl
dx

7. Solve:e*dx +e"dy=0

8. Solve: d_y: e

dx
d
9. Solve: —~= COSzX
dx vy
, : : dy
10. Find the integrating factor of &Jr 3y=6.

d .
11. Find the integrating factor of d—y+ ysinx=0.
X

d
12. Find the integrating factor of d_y+ RA .

X X



8.

9.

10.

PART - B
Find the area bounded by the curve y = x? + x, x-axis and the lines x =0 and x = 4.
Find the area bounded by the curve y = 3x* — X, x-axis and the ordinates x = 0 and x = 6.

Find the volume of the solid generated when the area bounded by the curve y* = 25x* between x=1
and x = 3 is rotated about x-axis.

Find the volume of the solid formed when the area bounded by the curve y* = 8x between x = 0 and
x = 2 is rotated about x-axis.

Find the volume of the solid formed when the area bounded by the curve x? = 3y? between y = 0 and
y = 1 is rotated about the y-axis.

Solve: tan x sec’y dy + tan y sec’x dx =0

2
Solve: d_y+ I+ x =0
dx 1+y°
Solve: (1 +x2) sec’y dy = 2x tan y dx

d_y: er+3y

dx
Solve: sec x dy + secy dx =0

Solve:

Find the integrating for the following linear differential equations:

11.

12.

13.

14.

15.

dy

dx
dy

+y cot X = X COSeC X.

—y cot X =sin X.

dy

+ vy tan X = €* cos X.
dx y

ix —ytanx =x°.

1
dy, xy 1

2

dx 1+x* 1+x

PART - C

Find the area enclosed by y = 6 + x — x? and the x-axis.

Find the area bounded by the curve y = x + sin X, the x-axis and the ordinates x =0 and x = g .
Find the area bounded by the curve y = x* + x + 1, x-axis and the ordinates x = 1 and x = 3.

Find the volume of the solid formed when the area of the loop of the curve y* = 4x (x — 1)? rotates
about the x-axis.

Find the volume of the solid bound when the area bounded by the curve y? =2 + x — x?, the x-axis
and the lines x =— 1 and x = 2 is rotated about x axis.

2 2
Find the volume of the solid obtained by revolving a—2+ b—2= 1 about the x-axis.

Solve: dy_ e+ x%e”
dx

Solve: e* tan y dx + (1 — ) sec’y dy =0

Solve : ﬂz Hcﬂ

dx 1+ cosx



2
10. Solve: d—y: 4+—y

dx  J4-x?

Solve the following Linear Differential Equations:

dy
11. dx +y cot x = e* cosec X.
12. ﬂ_ﬂz x*sinx

dx x

dy
13. (1+x?) dx —2xy = (1 +x2)

14. g73—y= X362x .
dx x

y . .
15. 2 cos x dx + 4y sin x = sin2x.

dy ;
16. dx +y tan x = cos’X.

ANSWERS
PART - A
2
1 2)% H 1B 4logs 5)3 6)%:logx+c e +e=c
3
e3x 3
8) y= 9) ¥ —sinx+c 10) 11) eeosx 12) x
3 3
PART -B
1) 88 2) 198 3) 500 « 4) 16m 5)m
3
y3 3
6)logtany=—logtanx +c (or)tanx tany =c¢ 7) y+?+x+?=c
8) logtany=1log (1 +x*)+c 9)tany=c (1 +x?) 10)siny +sinx=c¢
11) sinx 12) cosec x 13) sec x 14) cos x 15) 1+ x?
PART - C
2
n 12 2y Z 3) #4 nauw  H2 6 Ty
6 8 3 2 3
3
7) e =+ — 8) logtany—1log (1 —¢e’)=c(or)tany=c (1 —e")

y X y X I, . (y . x
9 2tan[—j = 2cosec[—j+ ¢ (or) tan=+ cosec— = 10) —t 1[_j = 1[_]+
) 5 > (or) 5 5 ~¢ ) Stan | Zf=sin | ZJ+c

3

y
1) ysinx=e*+c  12) S3=—Cosx+c 13)1y2=x+%+c 14y X _¢
+ X X

1 sin 2x
15) ysec>x =secx+c¢ 16) yseCX=E X+ 2 +c




VECTOR ALGEBRA-I

Introduction:

Definition of vectors — types, addition and subtraction of vectors, Properties of addition and
subtraction, Position Vector, Resolution of vector in two and three dimensions, Direction cosines,
direction ratios — Simple problems.

Scalar Product of Vectors:

Definition of scalar product of two vectors — Properties — Angle between two vectors — Simple
Problems.

Application of Scalar Product:

Geometrical meaning of scalar product. Workdone by Force — Simple Problems.

INTRODUCTION

A scalar quantity or briefly a scalar, has magnitude, but is not related to any direction in space.
Examples of such are mass, volume, density, temperature, work, Real numbers.

A vector quantity, or briefly a vector, has magnitude and is related to a definite direction in space.
Examples of such are Displacement, velocity, acceleration, momentum, force.

A vector is a directed line segment. The length of the segment is called magnitude of the vector. The
direction is indicated by an arrow joining the initial and final points of the line segment. The vector AB,

i.e, joining the initial point A and the final point B in the direction of AB is denoted as AB . The magni-
tude of the vector AB is AB = |A‘)B |.
Zero vector or Null vector:

A zero vector is one whose magnitude is zero, but no definite direction associated with it. For ex-
ample if A is a point, AA is a zero vector.

Unit Vector:

. . . . - . . . .
A vector of magnitude one unit is called an unit vector. If a is an unit vector, it is also denoted as
~ b ~ p— g —
a-ie lal=la =1

Negative Vector:

— N —>
If AB is a vector, then the negative vector of AB is BA . If the direction of a vector is changed, we
can get the negative vector.

—

i.e, BA=— AB



Equal vectors:

Two vectors are said to be equal, if they have the same magnitude and the same direction, but it is
not required to have the same segment for the two vectors.

For example, in a parallelogram ABCD, ATg = C‘]>) and H) = ]?C

Addition of two vectors: A
If B‘()Szg , C‘A:E and ﬁzg , then B—C>+ C—Az I;& ie, a+b=c [see
figure]. :
b=

If the end point of first vector and the initial point of the second vector are
same, the addition of two vectors can be formed as the vector joining the initial

point of the first vector and the end point of the second vector. B 2 ¢
Properties of vector addition:
1) Vector addition is commutative i.e, Z+ E: E+ ;1)
2) Vector addition is associative i.e, (§+ g)+ c=a+ (E+ 3) .
Subtraction of two vectors:
. . D C
If AB=a and BC= b,
-5 - - 5 2 > R
a—b=a+(-b) h h
= AB+ CB A s B
= AB+ DA [~ CB and DA are equal]
= DA+ AB [ addition is commutative]
= DB

Multiplication by a scalar:

- - -
If a isagivenvectorandAisascalar,then A a isavectorwhosemagnitudeisi|a |andwhosedirection
- -
isthesametothatof a ,providedAisapositive quantity. IfAisnegative,A a isavector whose magnitudeis

- -
| A | |a | and whose direction is opposite to that of a .
Properties:

- - - - - -
1) (m+n)a =ma +na 2) m(na )=n(ma )=mna
3 m(a+y)=ma +my

h
Collinear Vectors:

— g
If a and b are such that they have the same or opposite directions, they are said to be collinear

- — — -
vectors and one is a numerical multiple of the other, i.e, b =ka or a =kb.

Resolution of Vectors:

— -
Let a , b, » be coplanar vectors such that no two vectors are parallel. Then there exists scalars a
C
and [ such that



- d
2=aa *+PBb
L. - d - - - -
Similarly, we can get cosntants (scalars) such that a =a'b + ¢ and b=a"c +p"a .

N Ed e .
If a, b, ¢, d are four vectors, no three of which are coplanar, then there exist scalars 1, m, n
such that

d = l; +mb+ ng ,
Position Vector:

If P is any point in the space and 0 is the origin, then 55 is called the position vector of the point
P.

- -
Let P be a point in a plane. Let 0 be the originand i and j the unit vectors along the x and y axes

— -
in that plane. Then if P is (a, B), the position vector of the point P is OP = (x_i) +Bj.

-> =
Similarly if P is any point (X, y, z) in the space, i, j ,ﬁ be the unit vectors along the x, y, z

— - —
axes in the space, the position vector of the point Pis OP =x1i ,y j, zl_<) . The magnitude of OP is

OP=|0OP|= (x*+y’ + 7 .
Distance between two points:

If P and Q are two points in the space with co-ordinates P (x, y,, z,) and Q (x,, y,, z,), then the posii-

—

1.7,k

>

ton vectors are OP =X, Y , Y,
— 2> 2 >
and OQ=x,1,y,],%k P
Now, Distance between the points P & Q is
PQ =[PQ|=|0Q —OP|
- = -
= |(X2_X]) 1 +(Y2_y1) J +(22_Z])k |
= \/(Xz _X1)2+ (Y2 _Y1)2+ (Zz _21)2

Direction Cosines and Direction Ratios:

Let AB be a straight line making angles a, B, v with the co-ordinates axes x'ox, y'oy, z'0z respec-
tively. Then cos a, cos 3, cos y are called the direction cosines of the line AB and denoted by /, m, n. Let
OP be parallel to AB and P be (x, y, z). Then OP also makes angles a, B, v with x, y and z axes. Now,

OP=r=xX’+y’+27".
X z
Then,cosa=—,cosB=Z,cosy=—.
T r r

Now, sum of squares of the direction cosines of any straight line is

= ()5
Frm'+n°={—| +|=| +|—
T T T

_x2+y2+22_r2_1
T T



Note:

Let n be the unit vector along OP.

OoP X i+ y?+ zK

Then ,n=
|OP| !
X397, %
r ror

=1+ m§+ nk
Any three numbers p, q, r proportional to the direction cosines of the straight line AB are called the
direction ratios of the straight line AB.

WORKED EXAMPLES
PART - A

> 2 o > 7P —
1. If position vectors of the points Aand Bare21i + j—k and51 +4 jJ+3k, find |AB |.
Solution:

Position vector of the point A,

ie, OA = 2_i) +j—l_<)

Position vector of the point B,
ic, OB=57i+4 -3k

AB= OB-OA
=(5i+47-3K)-Qi + j-K)
=3i+3j-2k

-~ AB=|ABE 3+ 3+ (-2)

=9+ 9+ 4 = /22 units
2. Find the unit vector along 47— 53)+ 7K .

Solution:
Let a=4i-5]+7K
a|= 4+ (-5 + 7
=16+ 25+ 49
=90

C471-5]47K

T

=

5
.. Unit vector along a =

o



3. Find the direction cosines of the vector 2 i+ 33— 4% .
Solution:
Leta=2i+3 -4k
r=lal=y2'+ 35 (4
_ /B

5
Direction cosines of a are

cosa—i—i
r 29

y 3
cosP=—=—
B r \@
cosy—z— 4
r 29

—

- -
4. Find the direction ratios of the vector i+2 j—k .
Solution:

The direction ratios of _i>+ 23)— E are 1,2,—1.
PART - B

1. Ifthe vectors a= 21— 3? and b= 61+ mj are collinear, find the value of them.

Solution:

a= 27—37 and b= 61+ mj) . By given, Z and b are collinear.

. a=tb

—

a=21-3]
=t(-6i+mj)
21 -3j=-6ti+mt]

Comparing coefficient of Y

2=-6t=>t=—
3

5
Comparing coefficient of ]
—3=mt

el

S.m=9



2. IfA(2,3,—4)and B (1, 0, 5) are two points, find the direction cosines of AR .
Solution:
By given, the points are

A(2,3,-4)and B (1,0, 5)

.. Position vectors are OA=21+3 j—4k, OA=i+5k

..AB=0B-0A

b

= (i+5K)— (2143 j—4Kk)

- _i-3j+9k

r=|AB|=[C1) + (3 + 9’

=1+ 9+81=/91

—
.". Direction cosines of AB are

COSO= —F—

-3 9
cosP=— CoSy=——
V91 P V91 ! V91

PART -C
1. Show that the points whose position vectors 2Y+ 33— SE ) 3_i>+ 3)— 2E and 6?- 5§+ 7 E are col-
linear.
Solution:

OA = 27435k
OB =3i+ j-2k
OC = 6i-5j+7k
AB = OB - OA
= (3i+ j-2K) - (2i+3 j-5K )
—i-2j+3k
BC = OC - OB
=(6i-5j+7k )—(3i+ j-2k)
_3i-6j+9k
=3(i-2 j+3k)
= 3AB [From (1)
i'ea ﬁ:.:3rB
. AB and BC are parallel vectors and B is the common point of these two vectors.

". The given points A, B and C are collinear.



2. Prove that the points A (2, 4, —1), B (4, 5, 1) and C (3, 6, — 3) form the vertices of a right angled
isoceles triangle.

Solution:

OA = 21 +4j -k 6§=4T+ST+? O—C=3T+6773?

AB = OB - OA
=(4i+5j+k)-(2i +4j - k)
:2T+T+2?

BC = OC — OB
=(31+6] -3k )-(41+5j+ k)
— i+ -4k

AC= OC - OA
=(31+6j -3k )—(2i +4] -k )
=1+2j -2k

Now, AB=|ABE N2>+ 2+ 22 =4+ 1+ 4=9
BC=|BCl /(-1 + P+ (4’ =1+ 1+ 16 = /18
AC=|ACE P +2%+(-27 =T+ 4+4=0

AB=AC=+9=3

& AB?+AC*=9+9=18=BC?

.". Triangle ABC is an isoceles triangle as well as a right angled triangle with A=90°.

3. Prove that the position vectors 4i+ 53)+ 6E ) 5T+ 6§+ 4K and 6i+ 4 j+ 5k form the vertices of
an equilateral triangle.

Solution:
Let OA = 4i+5i+6k OB =5i+6j+4k  OC = 6i+4 i+ 5k
A =OB — OA=(57+6j+4Kk)—(4i+5]+6k)
= i+ 2K
BC = OC — OB =(6i+4 j+5k)—(5i+ 6 i+ 4Kk)
Sy
AC=0C — OA =(6i+4j+5K)— (4145 +6k)
—2i-j-k
Now, AB=|AB I+ "+ (-2)’ = /I+ 1+ 4= /6
BC=|BCE P+ (20 + P =I+4+1=+/6
AC=|ACE 2+ 1)+ (1) =4+ 1+ 1= /6
Here, AB=BC=CA= /6
.". The given triangle is an equilateral triangle, [since the sides are equal].




SCALAR PRODUCT OF VECTORS OR DOT PRODUCT

B
- -
If the product of two vectors a and b gives a scalar, it is called scalar prod-

- - . - - - -
uct of the vectors a and b and is denotedas a . b (pronounceas a dot b ). N
h
- -
If the angle between two vectors a and b is 0, then

hd b -
a.b =|a||b|cos6 0

Properties of scalar product: 0 A
- -
1. If0is an acute angle ;1) . b is positive and if 0 is an abtuse angle g . b is

>

negative.
2. Scalar product is commutative.
. - - -> - - -> -
ie,a.b =|al|b|cosb=|b|la|cosO=b .a
-
3. If g and b are (non zero) perpendicular vectors, then the angle 6 between them is 90°.
b —|a ||b |cos90°—0[ c0s90°—0]
If a . b =0, either a =0or b 0 or a and b are perpendlcular vector.
". The condition for two pwerpendicular vectors a and b is a . b =0.
-
4. If g and b are paraller vectors, 6 = 0 or 180°.
4 — -
a.b =Ja|b|cosO
> -
=la ||b | ["cos0=1
As a special case, .. ;.;:|Z| |; I=| a I=a’

5. Let OA= a , OB= b . Draw BM perpendicular to OA.
(BM perpendicular to OA)

>l

- -
Let 0 be the angle between a and b .
i.e, BOA=06.

»

N

N
Now, OM is the projection of b on a .
From the right angled triangle BOM,

OM OM
cosf= ——=—
|b]
..OM=|b|cosb
a||b]coso . —
= M [Multiplying Nr and Drby | a |
|a|
ab y
[By definition of scalar product
|a |
o 5 ab
". The projection of b on a = —
la|
a-b

N
Similarly, the projection of ; onb=—
|b]



6. 1,],K are the unit vectors along the x, y and z axes respectively.
i-1, j-j, kk=1 [using property 4]
Alsoi-j=j-i=0
j’k=k-j=0 [using property 3]
k-i=1i-k=0
Hence,
ik
i|1l0]o0
Jlol1]0
k|0[0]1

7. If, a , E and Z are three vectors,
a .(E+ 8): g-g+ a-c
8. Ifa= a1Y+ a23+ a3E&F= b1Y+ b23+ b3E
a-b=(a i+a, j+a,k) - (b i+b, j+b,K)
=a,b, T Y+ ab, Y 3—’- a,b, Y E+ a,b, 3 Y+
ab,j -]+ a2b37 k + a;b, kit a;b, k. o+ a;b, k-k
=ab,+0+0+0+a,b,+0+0+0+a;b,
=ab +ab +tab,

9. Angle between two vectors

[By property 6]

Weknow a-b=|a||b]|cos6

b
c.cosO= j —
lal|b|
Ifa= a, i+a, jt+a,k&b="b,i+b, j+ b,k
then cosf= Ha-b% _ a,b,+a,b,+a,b,

a|[b| yJal+al+al-Joi+bitb
10. (a+b)=(a+b)-(a+b)=a’+b>+2a -b
11. (a —b)=(a -b)-(a —b)=a’+b>-2a -b
12.(a+b)-(a—b)=a’-b’



WORKED EXAMPLES
PART - A

1. Find the scalar product of the two vectors 3 i+ 4 j+ 5k and 2i+3 j+ k.

Solution:
Let a=3i+4j+5k
gz 2_i)+ 3;+ E
ab=(i+4]+5K) - Q2i+3]+k)
= 3(2)+ 403)+ 5(1)

=6+12+5
=23

2. Prove that the vectors 3_i>— _j)+ SE and —6 1+ 2 j+ 4k are perpendicular.
Solution:
Let a=3i— j+5k

b=—6i+2 j+ 4Kk
Now, a-b= (31— j+ 5k)-(=6 i+ 2 j+ 4k)

=3(-6)+ (-1)2+ 5(4)

=-18-2+20

=0

—

.". The vectors g and b are perpendicular vectors.
3. Find the value of 'p' if the vectors 21 + pT —k and 3i + 4T+ 2Kk are perpendicular.
Solution:
Let a =21 + pT—?
b =3i+4]+2k
a and 1 are perpendicular
A
ie, 2i+pj —k)-Bi+4j+2k)=0
ie, 23)+ p(4)+ (-1)2=0

ie, 6+4p—2=0
i.e, 4p=2—6:—4
4
p: —_———= —1

4



PART - B
1. Find the projection of 21 + T+ 2k on i+ 27+ 2k .
Solution:

Let a 21+J+2k

b=1+2j+2k

ol

s — G
Projection of aonb =

=

@i+ j42K) - (i+2 4 2K)
|_i>+23)+21_<>\
241+ 2(2)_ 2+2+4
JPe22e2r l+4+4

_ 8.3
Jo 3
PART - C
Find the angle between the two vectors i + T+ % and 3i — T+ 2k .
Solution:
Let a =i+ ]+k
b= 3? —j+2k

a-b=(i+ j+ E)-(ﬁ—}r 2K)
—13)+ 1)+ 1(2)
=3-1+2
—4

I=VE2+ 12+ 12 =43
=43+ )+ 27 =9+ 1+4=414

Let 0 be the angle between Z &b

la
b

c.cosO=

> -

Show that the vectors —3 i+2j-k |

1—3 j+5k and 2i+ j—4k form a right angled triangle,
using scalar product.

Solution:

Let the sides of the triangle be
a=-3i+2j-k

b=i-3j+5k

=21+ j-4k



Now, a-b= (3142 j—k)-(i-3 j+ 5K)

=3+ +2)(3)+ DE)
— 3_6-5-—_14

b o= (i=3j+5K) -2+ j—4Kk)
— 1)+ (3)1+ 5(-4)
—2-3-20=21

Ca= Qi+ j—4K)(3i+2-K)
= 2(-3)+ 1(+2)+ (4)(1)
=—-6+2+4=0

Now, Z a_{z 0 and
ato=(3i+2j-k)+ Qi+ j-4k)
=—-1+3j-5k
=-b
- - - -
.. Thesides a , b and ¢ form a triangle and the angle between a and ¢ is 90° hence right

angled triangle.

3. Prove that the vectors ZT—ZT-‘F k., i+ ZT+ 2k , 21+ 7—2? are perpendicular to each
other. (one another).
Solution:

—2i-2j+k

- -

i+2j+2k

2i+ j-2k

a

b

¢
ab=(2i-2j+ k) -(i+2 j+ 2K)
2(1)+ (=2)2+1(2)= 2= 4+ 2=0

Now,

-

.. a is perpendicular to b

boo=(i+242K) 21+ j—2K)
=1(2)+ 2(1)+ 2(-2)=2+2-4=0
.. b is perpendicular to ¢

Ca=(Qit j-2K)-Q2i-2j+K)
=2(2)+ 1(-2)+(-2).1=4-2-2=0

-, . Ed
.. ¢ is perpendicular to a

.". The three vectors are perpendicular to one another.



APPLICATION OF SCALAR PRODUCT

B

D

=
o
v}
>

=
@]

A Force F acting on a particle, displaces that particle from the point A to the point B. Hence the

vector 7 is called the displacement vector d of the particle due to the force F .

The force F acting on the particle does work when the particle is displaced in the direction which

is not perpendiocular to the force F . The workdone is a scalar quantity proportional to the force and
the resolved part of the displacement in the direction of the force. We choose the unit quantity of the
work as the work done when a particle, acted on by unit force, is displaced unit distance in the direction
of the force.

Hence, if F, d are the vectors representing the force and the displacement respectively, inclined
at an angle 0, the measure of workdone is

| F||d]|cosb=F-d
i.e, workdone, W= F - d
WORKED EXAMPLES
PART - A

1. 3i+ ST+ 7k is the force acting on a particle giving the displacement 27 —T+ k . Find the
Workdone.

Solution:
The force F =3i + 57+ 7k
Displacement d=2i - T+ k
.. Workdone, W=F-d=(31 +5] +7k )-(2i —j + k)
=32)+5-D)+7(1)=6-5+7=28
PART - B

1. Aparticle moves from the point (1, —2, 5) to the point (3, 4, 6) due to the force 41 + T 3k acting
on it. Find the workdone.

Solution:
The force F =41 + T 3k
The particle moves from A (1, -2, 5) to B (3, 4, 6).
.. Displacement vector, d=AB
= OB - OA
=(Bi+4j+6k)—(1-2j+5k)
=21 + 6T+ k
. Workdone, W= F - d
=(4i+]j-3k)Qi+6j+k)
=4(2)+1(6)+ (3)1=8+6-3=11



PART - C

1. If a particle moves from 37 — j + k to 2i —3j + k due to the forces 2i +5j —3k and
41 +3j +2k . Find the workdone of the forces.

Solution:

The forces are E =21 + ST -3k

E=4i +3j +2k
~. Total force, F :E+ F‘2

=(2i+5j -3k )+ (41 +3j+2k )=6i +8j — k
The particle moves from OA = 3] — T+ k to OB=2i —3T+ k
.". The displacement vector,
d=AB=0OB-0A=(2i -3j+k)-(@i - j+k)=—1 -2
.. Workdone, W = F-d

= (61 +8j —k) (=i -27)
6(-1)+ 8(-2) -1(0)=-6-16+0= -22
EXERCISE
PART - A

1. If A and B are two points whose position vectors are . 2T+ 2k and 3i + ST ~7k respec-
tively find AB.

IfOA=1+2]+2k and OB=2i —3j + k , find | AB .

A and B are (3,2, -1) and (7, 5, 2). Find | AB |.

Find the unit vector along 2i — j +4k .

Find the unit vector along 7 + 273 —3k -

Find the direction cosines of the vector 21 — 3T+ 4% .

Find the modulus and direction cosines of the vector 41 —3 + k .

Find the direction cosines and direction ratios of the vector j — 2?+ 3k .

o © N N bk w D

Find the scalar product of the vectors.

()31 +4] -5k and 21 + j + k

()i -j+k and =21 +3] -5k

(ii)i+jand k +1

(iv)i+2j -3k and i -2 + k

10. Prove that the two vectors are perpendicular to each other.
()31 —j+5k and —1 +2j + k_

()81 +7] —k and3i —3j +3k

(i) 1 -3] +5k and —21 +6] +4k

(iv)21 +3j+ k and4i1 -2 -2k



I1.

12.
13.
14.
15.

w ok

If the two vectors are perpendicular, find the value of p.
(i)pi +3j +4k and 21 +2] -5k

(i) pi+2j +3k and—1 +3] -4k

(iii) 2i +pj — k and3i —4j + k
(iv)i+2j —k andpi + ]

(V)i -2j —4k and2i -pj +3k

Define the scalar product of two vectors Y and ]—; .
Write down the condition for two vectors to be perpendicular.
Write down the formula for the projection of S on %’ .
Ifaforce F acts on a particle giving the displacement d , write down the formula for the workdone
by the force.

PART - B
The position vectors of Aand Bare i +3j —4k and 27 + j —5k find unit vector along AB .
If OA=2i + 37 —4k and OB= + T _ 2k find the direction cosines of the vector ARB .
IfAis (2,3,-1)and B is (4, 0, 7) find the direction ratios of AB.
If the vectors i + 2T+ k and —2i + kT —2K are collinear, find the value of k.
Find the projection of
(i)2i+]j -2k oni —-2j -2k
()31 +4j +12k oni+2]j +2k
(i) j+kon i+ ]
(iv) 81 + 37+ 2k on i+ T+ k
PART - C

Prove that the triangle having the following position vectors of the vertices form an equilateral tri-
angle:

() 41+2 743K, 2143 ]+ 4Kk, 3i+4j+2k
(1) 3i+ j+ 2k, i+2 j+3k, 2i+3 j+k
(i) 2143 j+ 4K, 5i+2j+3k, 3145 j+ 2k

Prove that the triangles whose vertices have following position vectors form an isoceles triangles.

> o5 o

()3i— 2K, 5i+ j—3k, 61— j—k
(i) —71—10K, 4i-9 j—6k, i—6 -6k

(iii) 71+ 10K, 31 -4 j+ 6k, 9i—4 j+ 6k



10.
11.

12.

13.

14.

15.

Prove that the following position vectors of the vertices of a triangle torm a rignt angled triangle.
)31+ =5k, 4i+3 =Tk, 5i+2 -3k

(i) 27— j+k, 3i—4 -4k, i-3]-5k

(i) 2+ 4 j+ 3k, 41+ -4k, 6i+5 -k

Prove that the following vectors are collinear.

()2i+ j—K, 4i+3]-5k, i+k

(i) i+ 2 j+ 4K, 4148 j+ K, 3146+ 2k

(i) 27— j+ 3K, 3i—5j+ Kk, —i+11]+9k

Find the angle between the following the vectors.

(i)2i-3j+2k and—i+ j—k
(i) 4i+3j+k and2i— j+ 2k

(ii)3i+ j—k and i— j—2k

If the position vectors of A, B and C are _i>+ 23‘)_ E, 2_j>+ 3E’ 3_{_ 3)+ 2E , find the angle between the

vectors ,HB and li?

Show that the following position vectors of the points form a right angled triangle.

(1)3i-2j+k, i—-3j+4k, 2i+ j—4k

(i)2i+4 -k, 4i+5]-k,3i+6 -3k

(iii)3i-2j+k, i—-3j+5k, 2i+ j—4k

Due to the force 21-3 j+ k, a particle is displaced from the point i+ 2 j+ 3k to —2i+4 j+ k.
Find the work done.

A particle is displaced from A (3, 0, 2) to B (— 6, — 1, 3) due to the force F=15i+10 j+ 15k . Find
the work done.

Fz 2Y7 3 j+ 4k displaces a particle from origin to (1, 2, —1). Find the workdone of the force.

Two forces 4Y+ }_ 3E and 3Y+ j_ﬁ displaces a particle from the point (1, 2, 3) to (5, 4, 1). Find
the work done.

A particle is moved from 51— 53— 7K to0 6i+2 J—2k due to the three forces
IOY— 3+ IIE, 4Y+ 53+ 6E and -2 i+ j—9k . Find the workdone.

When a particle is moved from the point (1, 1, 1) to (2, 1, 3) by a force Y+ }4. E , the work done is
4. FInd the value of A.

A force 211+ j+ Ak displaces a particle from the point (1, 1, 1) to (2, 2, 2) giving the workdone 5.
Find the value of A.

Find the value of p, if a force 2_i>— 3_j)+ 4E displaces a particle from (1, p, 3) to (2, 0, 5) giving the
work done 17.



ANSWERS
PART - A

B 21 - j+4k i+2j-3k
D2T+7 -9k 242  3Ba gL g 1ES) oK

V21 J14

3

V29297 V29 "6 V26 Jo6 4 i ial o

9) )5 ii)-10iii)1 iv)-6 11)i)p=7 ii)p=-6 iii)p=% V) p=-2, V)p=5

a.b L
12) [@][b]cos® 13) @ b'=0 14) DR f.d
PART -B
N S 1 -2 2
1-2j-k - £z —
1) NG 2) 730303 3238  4HK=-4,
4 35 1 13
5) 1) — ii)— iii))—= iv)—
)3 DT i)z
PART - C

5) i) Cos™ (_—7} if) Cos™ [—_7 ] iif) Cos™ (i} 6) Cos”' [—20 j
NG T T3 e

914 10) 130 11) 8 12) 40 13) 37 14)A=2 15)A=2 16)p—%



VECTOR ALGEBRA - III

VECTOR PRODUCT OF TWO VECTORS

Definition of vector product of two vectors. Geometrical meaning. Properties — Angle between two
vectors — unit vector perpendicular to two vectors. Simple problems.

APPLICATION OF VECTOR PRODUCT OF TWO VECTORS & SCALAR TRIPLE PRODUCT

Definition of moment of a force. Definition of scalar product of three vectors — Geometrical mean-
ing — Coplanar vectors. Simple problems.

VECTOR TRIPLE PRODUCT & PRODUCT OF MORE VECTORS

Definition of Vector Triple product, Scalar and Vector product of four vectors Simple Problems.

VECTOR PRODUCT OF TWO VECTORS

Definition:
AN
- - s n
Let a and p be two vectors and ‘0’ be the angle between them.
- -
The vector product of a and b is denoted as a x b and it is defined B
-
as a vector |Z| |b|sin ® n where 7 is the unit vector perpendicular ?
- -
to both @ and b such that Z,b , 1 are in right handed system. Thus
- 7 - R
axb=|al||b|sinOn 0
0 a A

The vector product is called as cross product.

Geometrical meaning of vector product

I 5 >
Let OA=a,OB= b and ‘0’ be the angle between a and p . Complete the parallelogram OACB
with O—A and (53) as its adjacent sides.

Draw BN LOA.

From the right angled A ONB.

BN

@=sm9:>BN=OB. sin O

N
= BN=1|pH]sin0

.. - - - - . A
By definition, |a x b|=|a||b|sin6n



- - - o
= laxbl|=|a||b]|sin0

=0A x BN A
= base x height
= Area of parallelogram OACB. B
—_
N b
So]a x b | = Area of parallelogram with | @ | and | b | as adjacent sides.
1
Also, area of A OAB = 5 (area of parallelogram OACB) /)Y ]
| S O N7 A
> loa *oBl=7 laxb]

Results :

1. The area of a parallelogram with adjacent sides a and Z isA=| axb B

N
2. The vector area of parallelogram with adjacent sides a and p is |Z X B|

1
5
3. The area of a triangle with adjacent sides aand p isA= 5 |§ X B |

—>

1 — — 1 — — .
4. The area of triangle ABC is given by either 5|ABXAC|0r ElBCXBA|or l|CA><CB|-
2

Properties of vector product

1. Vector product is not commutative.

- - d - -
If ¢ and b are any two vectors then a x b # b x ghowever g x p =—(bx 3)

2. Vector product of collinear or parallel vectors:

If ¢ and ; are collinear or parallel then 6 =0, &

For6=0, tthensin® =0

- - - - o n -
~axhp=|laxbl=|lal|b|sinOn =0

ol &I

N -
= axp=
- - . N - -
Thus, a and p are collinear or parallel < a x p =0
N - -
Note:If @ x p = (0 then
N 2.
(i) a is a zero vector and p is any vector.
T > .
(i1) b is a zero vector and a is any vector.

(ii1) a and Z are parallel (collinear)



3. Cross product of equal vectors

- - - o ~
axa =|alla|sino n
- > N
=lal||la| () n

5

=0

> 2 -
. a x a=0 forevery non zero vector a.

72
4) Cross product of unit vectors 1, j, k

> o o

Let 1, j, k be the three mutually perpendicular unit vectors. The

involvement of these three unit vectors in vector product as
follows : By property(3), 7 7 _ ¢ J % J - 0 kX k= 0

- E:'

alson3:|YH§| sin90° k=1.1.1. k k similarly, _] X

j XT_ _E’ E xj— _Y Y x E: j etc. This can be shoron as follows.
X i J
1 0 k —1
1 -k 0 1
k i —1 0

5
5. If m is any scalar and 2, b are two vectors inclimed at an angle ‘0’ then m Z xphp=m(g x p)=

N -
a>xmp

6. Distributing of vector product nor vector addition :

N

Let a, b, ¢ be any three vectors then

N 2o - 7 - o TP
() ax(b+c)=(a x b)+ (a x c) [Left distributivity]
(i) (b+ ¢)xa=(bxa)+ (¢ xa [Right distributivity]

7. Vector product in determinant from

i j k

- - - - - - - -
Let2=ali +a,i+akand p =b i +b,i +bk thena x p =|& 2 3
b, b, b,

N
1

= Z xph = i (a2b3 - b2a3) -1 (a1b3 - blaS) + E (a1b2 B blaz)



8. Angle between two vectors

S5 >

Let a, p be two vectors inclined at an angle ‘0’ then,
- - . A

axp=lal|p|sind n

-

- .
=|a xp|=|al|b|sin®

1

5>
laxDb]|
=sind="_, -
laf[b]
5 >
|axb]|
=0sin! | S5
lal|b]

9. Unit vector perpendicular to two vectors

N
Let a , b be two non zero, non parallel vectors and ‘0’ be the angle between them

- 7 - . A
axp =lallp|sin®n ———(1)
N > >
also, [a xp|=|al|b|sin® ——(2)
- 7 g P
lal|blsinon & xb
(1)—(2):} S S S
|a||blsing 1axD
N -
R axb
=>n= -
laxDb]
N -
X
Note that, — e: E 1s also a limit vector
laxb|

N -
perpendicular to a and b .

.~ Unit vector perpendicular to aand Z are + =+ a_)—XE
laxb]
WORKED EXAMPLES
PART - A

1. Prove that (g + Z) < (a - Z):Z(;X a)
Solution :
LHS.: (a+p)x(d—b)
“dxdx-dxbthxd-b*b
~0+bxa+bxa—0
= 2(bxa)=RHS



2. Provethatzx(z +Z)+ZX(Z +Z)+ZX(Z+Z):6 .

Solution : LH.S: a X(Z +3)+Zx(3 +Z)+Zx(Z+Z)

—gxptaxctpxctpxa+texatcxp
—axp-cXxdtpxo—daxptoxd-pxc
~ 0 RHS.
3 1fa=21 -] +k,h=1+2] +3k finda x J.
Solution :
FEE
axp =2 -1 1
12 3
Sl ] =2 1] ol2 4
B EREIE 3‘”{1 2‘

= 1(-3-2)-j(6-D+k4E+1)
— i (=5)-j G+ k (5
= axb =-51-5j+5k
4. If|2\=2,|g|=7and|?>< f|=7ﬁndtheanglebetween?and?.

Solution :

We have, sin 0 = =

1
1 = = -l = 0
= sin O > = 0 =sin (2) 30

PART - B

1. Find the area of the parallelogram whose adjacent sides are Y +3 + E and 3_i> - E .
Solution :
= ] K& =3 -
Formula :

The area of parallelogram from whose adjacent sides are

a& Z iIsA= |Zl) x Z\square units,. — (1)
. i j k
Now, ax b =11 1 1
30 4
»11 1| -1 1] =1 1
=1 -] + k
0 4 3 4 30




=i (-1-0)— j (-1-3)+ k (0-3)

=axb=-1+4j-3k

also, [axb| =~(DF+@) + (=37 = V1+16+9
—laxb|= 26

T
area of parallelogramis |a x b| = /26 square units.

- 2 - > 2 >

2. Find the area of the triangle whose adjacent sidesare 21 —j +k and 31+4] -k
Solution :

- 2 5 - 2 >

Leta=21i-]+k &Z=3i+4j—k

N -
Formula : The area of the triangle whose adjacent sides are a & b is

1> 2 .
A= E| axb| square units (1)
Now, N
i j k
axb =|2 4 1
3 4 4
>4 1] =12 1| 212 4
=1 -] + k
4 4 3 4 3 4

T (1-4)— (23)+ k (8+3)

i (3)-j ®)+Kan

=axb=-31+5j+11k

also,

a x b‘= JB)+ (5) + (112 =V9+25+121
= ‘5 x b‘: J155
1
. (1) becomes, area of triangle is A = 5 V155 square units.

-\ 2 N 5\ 2 N -
3. Provethat(aXb) +(a.bj :|a|2|b|2

Solution :

- -\?2 - %
L.H.S. (a xb) +[a.bj

2



_|al|bFsin?0 (@) +|af|b[ cos> 6

—a P |b[ [sin? 0+ cos’ ] [ @) =1
=[aP b [1]

—|aP|bf=RHS

4. If |a|=13, |b|=5and a.b =60 then find |ax b|.

Solution :
We have,

lax bP+|a.bP=|al|bp

= [ax b+ (607 =(13). (5
S >

= |ax b [P+3600=169 x 25
S >

= |ax b|2=4225—3600
S >

=lax p[=625

~lax b|=+/625 =25.
PART - C
1. Find the unit vector perpendicular to each of the vectors 1 +2 J+3k and i - j —k. Also find
the sine of the angle between these two vectors.

Solution :
Given: ¢ =1+2]j+3k &Z=_i)fj—§
_ ) . axb
Formula : (i) Unit vector : # = ——
laxb| -
|axb|
(i1) Sine of the angle : sin®6= - -
. jal1b]
ow,
R i1 j k
axb =1 2 3
I -1 -1
»12 3| =1 3| >l 2
-1 -1 I -1 I -1
= 1 (243)— ] (-1-3)+ k (-1-2)
=i M-j(H+k 3
—axb=144j-3k



also, [@ % b= () +(4) +(=3) = V1 +16+9

=|axb|=+26
Again, | a |=J()? + (2 +(3)* = V1+4+9 = 14
&| D |= (1) + (=1 +(=1)* = JI+1+1 = 3

Hence,
U _i+4j-3k
(1) Unit vector : n = —\/%
Lo N26 T
(11)sm9—\/ﬁ\/§ = 0 =sin /—14\/5

- -
k

Find the area of the triangle formed by the points whose position vectors are 21 +3 ] +4
C

- g - - - N
31+4] +2k ,41 +2] +3k
Solution :

_ - - -
Let oo =21 +3] +4k
-

— I : g
OB =31+4] +2k

-

& OC =41 +2] +3k

be the given position vectors of the vertices of A ABC.
—> —>
— (D)

1
Formula : Area of triangle ABC = > ‘AB x AC

Now,
AB=OB - OA
:(3T+43+2E)—(2Y+33+4E)
37 caj ok 21 3] -4k
= AB =i+ -2k
also, AC = OC - OA
:(4_i)+2§+3ﬁ )—(2Y+33>+4E)
47 425 +3k 21 3] 4k

—_—

= AC=2i-j-k



1 =2|=]1 -2

-1 —1‘ J ‘2 -1
=1 (-1=2) j (-1+4)+ k (-1-2)
= 1(=3) ] (#3)+ k (-3)

— AB x AC = -31 -3 -3k

—|1 1
+ k

and| AB x AC |= /(-3)> +(=3)* + (-3)

D
C
= J9+9+9 = 27
=[AB x AC|= 33
1 343 A
Area of AABC = 5 (\3) = Tfsquare units. B

Find the area of the parallelogram whose diagonals are represented by 31 +J — 2k and

—

- K -
i -3] +4k.
Solution :

-
_

Let d, =31 +j -2k &d, =1 -3] +4k

be the given diagonals of parallelogram ABCD.

1) — —
Formula : Area of parallelogram = 5| d, x d,

square units. )
Now,

ik
d xd, _|3 1 =
1 -3 4

-1 =21 =3 21 —|3 1

= 1 - + k
-3 4 1 4 1 -3

1(4-6)— j (1242)+ k (-9-1)

1(=2)— ] (14)+ k (-10)

=d xd, =-2i-14j-10k



also, [ x @] = (2 + (<18) + (<10y’ = V4+196+100 = V300
=|d, x d,|= 103

- (1) becomes,

Area of parallelogram =

1
5 [10\/3} =53 square units

- 2 K - - g - > 7 - - 7
Ifa=1 +3] -2k and b=-1 +3k and a xb . Verify that a is perpendicularto a x b

- 5 o
and b is perpendicularto a xb .

Solution :
Given: a = i +3j -2k &ZZ—i +3E
Now,
i ] k
ZXZ = 1 —2
-1 3
-3 2| -1 =2 —|1 3
=1 -] + k
0 3 -1 3 -1 0

= T(9+0)—] (3-2)+ k (0+3)

= 1(9)-j(M)+kQ)
— axb= 9T—T+3T€
(i) Toshow a 1 (@ x b):
a.(axb)=(i+3j-2k).(9i - j +3k)
=(1x9)+Bx—-1)+(-2x3)
=9-3-6
~a.(axb)=0=>a L(axb)
(i) Toshow b L(a x b):
b.(axb)=(i+3k).(9i - j+3k)

= (1x9)+(3%3)
=—9+9

~b.(axb)=0=b L(axb)



APPLICATION OF VECTOR PRODUCT OF TWO
VECTORS AND SCALAR TRIPLE PRODUCT

Definition :

Moment (or) Torque of a force about a point

Let O bc any point and ? be the position vector relative to the point O
-
of any point P on the line of action of the force F . The moment of the force
- -
about the point O is defined as M = ? x F. The magnitude of the moment is

M=|r x?|:|?||?|sin9‘

:l
=

=l

The moment of the force is also called as Torque of the force.

Definition : Scalar triple Product

*rjl‘

—

- - -
Let g ,b ,c be any three vectors. The scalar product of the two vectors a x b and c . ie.,

- -
(2 xp) E is called the scalar triple product and it is denoted by [Z{ b, Z ]. The scalar triple prod-

uct is also called as box product (or) mixed product.

Geometrical meaning of Scalar triple product :

- -
Let a,b,c be three non collinear vectors. Consider a parallelopiped having co-terminus edges

— — - — -
OA, OB, OC so that OA —a ,OB =p & OC =c Then g xp isa vector perpendicular to the plane

.. - -
containing g and b .

- - 7
Let ¢ be the angle between ¢ and g x p .
Draw CL perpendicular to the base OADB.
Let CL = the height of the parallelopiped. Here CL and

N
axb are perpendicular to the same plane.

—~CL| a%b = ZOCL=¢

In right angled A OCL,
CL CL

cos¢:&:m:>CL:|_g|cos¢

Also, base area of the parallelopiped

I - . . - 7
= the area of the parallelogram with g and 5 as adjacent sides=|a x b |.
.. By definition of scalar product,

- 77 - 7
(axb).c =laxbl[c [cosd

= (Base area) x (height)

_—

=V, the volume of the parallelopiped with co-terminous edges a , b Z '



Properties of Scalar triple product :

L.

-> -
Let a.b,c represents co-terminous edges of a parallelopiped in right handed system then its vol-

umeV=(Z xp) g
-

Similarly b,

system then

N -
P ,Z and ¢, a , b are co-terminous edges of the same parallelopiped in right handed

V=(bxc).a &V=(cxa).b

Hence,V=(2XZ).g =(ZX2).Z =(8XZ).Z —(1)

2)

3)

4)
5)
6)

Since the scalar product is commutative then (1) becomes,

V=C.(dxb)=ab*x3)=b.(cxa) ——(2)
From (1) & (2), N
(axb).c =

—

(bx¢)

- o

(bxc). (¢xa)

(¢xa). (a*b)

In scalar triple product the dot and cross are inter changeable. Due to this property,

Il
ol Sl

Sl

(axb).c —=a.(bxc)=[a b o]

- 7 o I G > - 7

~la b cl=[b ¢c al=[c a b]
The change of cyclic order of vectors in scalar triple product changes the sign of the scalar triple
product but not the magnitude.

- - -
[a b cl=-[b a cl1=[c b d]
The scalar triple product is zero if any two of the vectors are equal.
ic.[a a b1=0:[a b al=0:[h b c]=0ect.

N N N

For any three vectors g, b, ¢ and the scalar A then[ha b c]=[a b c]
The scalar product of three vectors is zero if, any two of them are parallel (or) collinear.

Coplaner Vectors : The necessary and sufficient condition for three non-zero non-collinear vectors

- -
a b gtobecoplanaris[g b S]IO

. N S N S
iie, a b c arecoplanar=[g b c]=0.

Note : If [Z b g]=0then

- >

(1) Atleast one of the vectors a.b, c isazero vector.

N
(i1) Any two of the vectors a.b, 8 are parallel.

- o
(ii1) The three vectors a.b,c are coplanar.

- - > > N
7) For any three vectors a.b, g then ZX(b +g):(b xhb)+(a Xg).



Scalar triple product in terms of Componants :

L - 74_ ?-l- - %_ba_i_b»_i_bﬁ &”_ -
eta =ai *ta, ] *a ,b=b i sk C=C

— —
> 1 +C2i +C3k then

Proof G & G
N
Loz b b, b,
C € G
— — —|b, b —|b, b —|b, b
=bxc=1]| > ° -] R PR
C, G ¢ G ¢ 6
a.(bxc)=(,i +ta ] +ak )|:1 2 3 =] 1 3 1 2:|
C, G ¢ G ¢ 6
, b, b, b, b, b,
—al —3.2 +a3
c, ¢ ¢, ¢ ¢, ¢,
4, a, a,
=a.(bxc)=|b b, b|=[a b c]
¢, € G
WORKED EXAMPLES
PART - A
1. If?=2?—3T+fand?=T+2T+4fﬁndtorque.
Solution :
Torque ~rxF
i j k
|12 4
2 =3 1
— 2 4| —|1 4| —|1 2
=i —j +
-3 1 2 1 2 -3

—7 @12 (1-8)+K (3-4)
-7 14— (DK (D

—

- ? -
= Torque=141 +7) -7k



- 2 S

2. Findthevalueof[i | k]

Solution :
1 00
i j k1=|0 10
0 0 1
1 O 0 0 0 1
=1 -0 +
0 1 0 1 0 0
=1 Lo =1(1-0)=1
I P =
3. Findthevalueof[iJrj,j+§,§+i]
Solution :
1 1 0
S i A 0 1 1
[1+],)+k,k+1]=
1 0 1

11 0 1 0 1
=1 -1 +0

0 1 11 1 0
=1(1-0)-1(0-1)
=141 =2
PART - B

>S5 > g —

1. Find the scalar triple product of the vectors i —3 j +3k,21 + J-k and j + k.

Solution :

Letg =i -3 +3k.h=21 +1-k & c=1J+k

1 -3 3

(abc1 =21 -1

0 1 1
1 -1 2 -1 2 1

=1 +3 +3

1 1 0 1 0 1

=1(1+1)+3(2+0)+3(2-0)
=1(2)+3(2)+3(2)
—2+6+6=14



2. If theedges @ =—31 +7J +5k, b =—5i +7J -3k and ¢ =7i —5] —3k meetata
vertex, find the volume of the parallelopiped.

Solution :
Volume of parallelopiped : V = [Z Z g ]

-3 7 5

=5 7 3

7 -5 3
7 -3 -5 3 -5 7

-3 -7 +5

-5 -3 7 -3 7 =5

=-3(-21-15-7(15+21)+5(25-49)
=-336)-7(36)+5(—24)
= 108 —252-120
=-264
.. Volume, V = 264 cubic units.

- - > g -> 7 o

3. Prove that the vectors 31+2J —2k,51 -3] +3k and 51— ] +k are coplanar.

Solution :

- -

- 2 .
Letg =31+2] -2k

b =51 -3]+3k
& ¢=5i-j+k
3 2 -2
[d b ¢] e
5 -1 1
3 3 5 3 5 3
=3 ) _2

51 5 -1

=3(-3+3)-2(5-15)-2(-5+15)
=3(0)-2(-10)-2(10)
=20-20=0

N

N
“~a, b, c arecoplanar.



A ¢ - I = -
4. Ifthe three vectors21 — ] +k, 1 +2J] -3k and31 +m j +5k are coplanar, find the value
of m.

Solution :

- >

Letg =21 —J+k

& ¢ =31

Since g , Z , g are coplanar then [2 Z E] =0
2 -1 1
1 2 -3|=0
3 m 5
2 3 1 2

3 m

2‘ +1

o

2(10+3m)+1(5+9H+1(m-6)=0
20t6m+14+m-6=0
Tm+28=0

7m =—28

PART - C

1. Find the magnitiude of the moment about the point (1, -2, 3) of the force 2? + 3? + 6E whose
line of action passes through the origin.

Solution :

- g -

N
Given: F =21 +3] +6k
By data,

I‘) = (Position Vector of 0) — (Position Vector of A)
= (Oa 05 0) - (la _25 3)
= (_ 19 29 - 3)

N -
-1

+2] -3k

.. Moment of force,

N
= TI=

M=t x F



-1 2 -3
2 3 6
A(l,-2,3)
2 3] -1 3] —|-1 2 —
=1 —J + T
3 6 2 6 2 3
=1 (1249)— j (-6+6)+ k (=3-4) = 0(0,0,0

=1 (21— ] (0)+ k (-7)
=21i -7k

=M =731 - k)

.. Magnitude of moment,

|ﬁ| = 7.J07 +(-1)°
=7J9+1

=M = 7x/ﬁunits

2. Find the moment of the force 3 i + k acting along the point T+ 2T_fabout the point
21+ j-2k

Solution :
Given : E =3T+f
_ — — A(29_192)
OP =i +2j -k N
& OA -2+ -2k '
Now, r = AP = OP — OA
? P(laza_l)

=(i+2j-k)-(2i+j-2k)
-7 +2j-k ~2i+j-2k

=|r=-1+43j -3k

- 5 >
Moment, M= 1 X F

i j k
_|-1 3 3
3 0 1
-3 3] —|-1 3| —|-1 3
=i - +
0 1 3 1 3 0




1 3+0)— j (=149 + k (0-9)

13- @®+k (-9

—=|M =31 -8 -9k

S M =3+ (8 + (9)’ = o+ 64+81 =| M =+/154 units

- - 2 - > > - 7 >
3. Provethat[a+ b, b+ ¢, c+a]=2[a b c]

Solution :
- - - > -
LHS:[a+ b, b+ ¢, c+a]

@+ 5). b+ x(C+a)}

-

50> B I SN - -
= (a+ b).ibxc+bxa+c xc+ ¢ x

b

(R

- (a+ b).{b xc+bxa+t0+oxa
— a(bxd)+a.(bxa)ta.(cxa)

+b.(bxA)+b.(bxa)+b.(cxa)

5 o

= [a bﬂ+0+0+0+0+[3_b)g}

_ 2|31 ¢)-rus

- 2 > O - - -
4. Prove that the points given by the vectors 41 + 5] +k, -] -k, 31+ 9]+ 4k and
N - -
—41i +4j +4k are coplanar.

Solution :
Let (ﬂ:4?+53+§
ST
OC =3i+9]+4k

& OD =—47 +4] +4k



Now, AB = OB - OA

b

= (—T—f)—(47+57+f)

S TK4TosToE

—=|AB =-4i -6 -2k

also, AC = OC - OA
=37 +97 +4Y RO +57

> - g - -
=37 497 +4p 47 -5

=|AC =—1i+4j+3k

and AD = OD - OA

—

+k)

K

=(-47 +47 +4y ) - (47 +57 tr )

N

=-47 +47 +ay —47 =5

—|AD =—-81 — j +3k

4 -6 -2
.'.[AB,AC,AD]: 1 4 3
8 -1 3
4 3 -1 3

= _4 +6 —2
-1 3 8 3

=—4(12+3)+6(-3+24)-2(1+32)

=4(15)+6(21)-2(33)
— 60+ 12666
=0

.. The points given by the vectors are coplanar.

-

-1
-8

4
-1




VECTOR TRIPLE PRODUCT AND
PRODUCT OF MORE VECTORS

Definition : Vector Triple Product

- 7 o - 7 > - 7 -
Let a, b, c beany three vectors then the product ¢ X(h xc )& (a xb ) x ¢ are called

. >, 7 2
vector triple productef, 5 , ¢

Result :
N - 50>
(i) ax(hxc)#(dxb)xc
- - -
(i) (axb)xc=(a.c)b-(b.¢c)a
- -
Gii) 3% (b*c)=(a.¢) b —(a.b)c
-
Note : The vector triple product (ZXb) x ¢ 1s perpendicular to ¢ and lies in the plane which

contain a and b .

PRODUCT OF FOUR VECTORS

Definition : Scalar product of four Vectors

> 5 o
If a ,b,c,d are four vectors then the scalar product of these four factors is defined as

- -

(@xb).(¢ *xd)

Result : Determinant form of (? Xb). (g X 8)

Y o s o a.c a.d
(axb).(c xd) = ic i
b.c b.d
Proof :
(@xb).(c xd) =(axb).X,where X = ¢ x d
= 3.(b*xX)



Definition : Vector product of four vectors

N - - e N -
If a, b, ¢ and d are four vectors, then the vector product of the vectors (g x p ) and

(Z X 8) is defined as vector product of four vectors and is denoted by (g x Z ). (3 x Z{).
Results :

I S S
1. Ifa, b, c,d are four vectors then

(axb)*(¢xd)=[a b dlc-I[a b <ld
Proof :
LHS. = (a%b)% (e xd)

- N — -, >
= X X(¢ x d)where X =g xp

= (X.d)¢ ~(x.0)d

—axp)dlc -[axb).c1d
~la b dlc—[abc]ld=RHS.

2. IfZ,Z,Z,E arecoplanarthen(ZXZ)x(Z x 5): 0 .

— > 5 o

3. (a xb)x(c xd)=[a ¢ d]b—[b ¢ d]a
WORKED EXAMPLES

PART - A
1. Find the value of 1 x ( j ><1_<)) Ki
Solution : \/
ix(}xﬁ):ixi k\_/.]
-0
2. Find the value ofE x(] XE ) _f
Solution : K \/
Kx(jxK)  =kxi K j
N .
=]
3. Find the value of (; X r_1>1) . (E X ;)
Solution :
- - > ;b ;.l’l
(a xm).(bxn) I
m.b m.n
=(a.b)(m.n)—(m.b)(a.n)



Solution :

(axb)*(¢xd) =[a b d1¢-[abcld

=5(T—j -k )72(2T +3] —4§)

N - - - -

—57 -5] -5k —4i 6] +8K
— (axp)*(Sxd)=1i —11] +3k
IEaxp =71 3] +4k & <xd=1 +3]j -2k find(gxp).(cxd)
Solution :

- - - -

(G%8).(Sxd) =71 —3] +4k (i +3j-2Kk)
=(T*x1)+(-3x3)+@x-2)
=7-9-8
=—10

PART - B

—

fa=i+j.p=]+k &c=k +

i find 4% (bxc)

Solution :

—_—

1
1

>
X

ol
I

i
0
1

Ta-0-jO-DH+y 01
=7 -3 (DHE (D

=7 C1-0-5 1-0+y (-1

=T DT EDEY (O

= ?x(?x?):—TjL J




N - N - ? - %_ - N - N
2. Forany vector g provethat i X(g*x i )+ ] X(a*xX] )+ kx(axk)=2aq.

Solution :
We have for any vectors Zthen(z. Y) T +(Z ;); +(Z E)
Now,
ix(axiy=(i.iva- G .ai
= a-(a-i) i
Similarly, EX(ZXF) = a-(a 3))3)

—

& kx(axk) = a -(a.K)k

LHS. = i x(4%i )+ j x(axi)+kx(axk)
= a-(a.i)i +d-(a.j)j+d-(@.x)k
=34 -[d.i)i +(@.j)j +(d.k)k]
=3a —a=2a (RHS)

PART - C

1 1f2=7—j+k,3= T—2J',3

(a.c)b —(a.b)ec.
Solution :
LHS.
i j k
NOW,ZXg |1 =20
2 -1 1

+
2 1 2

-2 0‘ __‘1 0‘ _~‘1
k

T (2400 ] (1-0)+k (-1+4)

-7 (2] W)+k G

—=|bxc :—2?—7+3f

-2
-1

N
a

(1



TW—II‘ f‘l 1

— |1 -1
-] + k
BN N R

2 -1

ST 34— ] B+ +K (C1-2)

-1 (2] 5)+k (3

(1)

—|a x(bxc)=-21-5]-3k
S

R.H.S.

Now, .0 = (i —j +k). 21 —j +k)
=(1x2)+(-1x-1)+({1x1)
=2+1+1=4

also, a5 = (i —j +k).(i -2j)

—(x 1)+ 1x-2)
—1+2=3
(3. )b —(a.b)e =4[i-2j1-3[21 —j+k]

—47 -8j-61 +3] -3k

=l|(a.c)b—-(a.b)c)=-21-5] -3k

— @

From (1) & (2) we conclude that, g x (Z xc)=(a S)Z ~(a Z )c

f a-i-j+k,bp=-1+2j-k, ¢ =
(axb).(cxd)
Solution :
Given:Z=_i>—j+E ZI—_i)-FZj—E g=7+2j E
Now,
i j k
T I
1 2 -1
SR s T I T T Y I R |
=1 -] + k
2 -1 -1 -1 -1 2
=7 1-)-j 1+ +k 2-1)

“T Do +k ()

_i)+2j anda)I_i)—j—31_<> find



i ] k
ko, 3x 2 1 2 0
also, X =
© 1 -1 -3
2 of =1t o —]1 2
1 -3 1 3 1 -1
T C6E0)—(3-0)+k (-1-2)
=i (6)-jE3)+k(3)
=|lcxd=-6i+3]3k
(ax5).(xd) =(-i +k).(67 +3j-3Kk)
= (- 1%x=6)+(1 x=3)
—6-3
=|(axb)(cxd)=3
Alternate method :

a.c =G -j+k).(i+2])
=(Ix1)+(=1x2)+(1x0)
=1-2+0

:DAZfE:—l

a.d =i —j+k).(i —j-3k)
=(IxD)+(E=1x=1)+(1x-3)
=1+1-3

:>§*7f:—1

also,g.g =(f?+2jfk)-(?+2j)
=(-1x1)+(@2x2)+(-1x0)
=—1+4+0

—|b.c =3

and b .d =(—Y +2j—k).(Y -j-3k)

=(=1xD)+2x=D+(=1x=3)
=—1-2+3

.d =0




a.c a.d
(axb).(¢xd)=|pe bd
-1
13 0
—0+3
= (3%b).(¢xd) =3
Solution :
Given : Z= Y +?+E Z = T —?—E
c =i +3+2E & d=2i +}
i ] k
Now, ZX;= 1 ! 1
1 -1 -1
1 1| =1 1] —1 1
= i -] + k
1 -1 1 4 1 4
T CIED S Itk (C1-1)
=i (0)-j2)+k(2)
—=laxb=2j-2k
ik
- i —1 1
also,c xd =
2 1
1t 2] —|-1 2| —|-11
=1 -] + k
10 2 0 2 1
= (0-2)—j(0—4)+k (-1-2)
= (D-jCHHKEI
=lcxd=-21+4j-3k

i j k
0 2 =2
2 4 -3

+ifind (3 %5).(cxd)



|2 =2 =0 -2] —l0 2
= 1 —J +k
4 -3 2 -3 2 4
— ] (C6+8) -] (0-4)+k (0+4)
=1 @2)-j 4+k @
=l(axb)x(cxd)=21+4]+4k
Alternate method :
We have (2 xb)x(c xd)=[a b d]c -[a b c]d
1 1 1
R 1 -1 -1
la b d] =
2 1 0
-1 -1 1 -1 I -1
=1 -1 +1
1 0 2 0 2 1
=10+1)-1(0+2)+1(1+2)
—1(1)-1Q2)+1(3)=1-2+3
:[?Fﬁ]zz
1 1 1
also, [a Z 3] =1 -1 -l
-1 1 2
-1 -1 1 -1 1 -1
=1 -1 +1
1 2 -1 2 -1 1
=1(-2+D)-1Q2-D+1(1-1)
=1(=1)—1(1)+1(0)
——1-1
:[???}:—2
#(axb)x(exd)[d b dlc—1[d b cld=2(i+]+2k)+2@2i +j)

- N -

- ? - ?
=-21 +2] +4k +41 +2]

@@ xb)x(c xd)=2T+4]+4K%




4.

10.
I1.

12.

13.

- > —
Provethat[sz,bxg,gXZ]:[Z b 8]2
Solution :

LHS.:[a%b,bx*c,cxd]

= {(axb)[(bx3)x(Sxa)l}
—((axb){bialcIbcclan
—((4xp)i[bca)c—0.a}

=la b ¢lla b <] I
=[ZZE)]2=RHS [[b c a}z[a b c}

EXERCISE
PART - A

Provethat(z—g)X(Z+Z)=2(ZXZ).
+j

-> 7 - 77 g g g
Find ¢ xp if gq=21 +k ,p =1 +k .
PN = g > o7
Find g xp if g=1 +2 ] +3k and p=1 -] -k .

R~

-> - - -

If4-2i —j+k ,b =31 +4j -k findaxp.
If|2|:2,|z|:7and|gxg|=7\/§,ﬁndtheanglebetween Zandg.
1f|2|=3,|3|=4and|ZXZ|=6ﬁndanglebetween Zandz.

Find the angle between the vectors g andg if|a XZ I=a Z .

- 5 >

Find the valueof [ ] k i].

N

Find the value of [1 —j , ] —k .k —

il

- - - - - -

Ifi:) —2i +3j +6kand r =—i +2j —3k find the moment of the force.
Find the value of

) 0 ox(jxk) G kx(kxi) Gy ix(jxi) v kx(jxk)

(4 5 d1=4.0a b c]=-2c=1-2j andd =3] +k find (4 %5) % (c*d).
Ifla ¢ dl=L[p ¢ dl=3,a=i+j+k&p=1-j kfind(axp)x(cxd).



PART - B

— = - - - N
Find the area of the parallelogram whose adjacent sidesare i + J +k and 1 +2 ] -3k

- - - - - -

Find the area of the parallelogram whose adjacent sidesare21 +3 ] +6k and3i —-6] +2k

N — - -

Find the area of the triangle whose adjacent sidesare i +J —2k and2i —J — k.

- 2 > - - -

Find area of the triangle whose adjacent sidesare 21 — ) +k and i +2j +3k.

Find the volume of the parallelopiped whose edges are

- 2> - - - - - -
(i 41 -8] +k,21 -] -2k ,31 —-4] +12k

- - - - 2 o -> 7 —
(i)21 -3) +4k, 1 +2] -k,31 -] +2k
Show that the following vectors are coplanar.

> 7 > - O -2 -
()21 +j +k,31 +4j +k, i -2]J +k

- -2 - - 2 o -> 77 —
(i)21 -3) +5k, 1 +2] -k,31 -] +4k

- = -> - = - - - -
(iii)31 +2J) -5k, 1 -2) -3k ,31 +10) +19k

- - - - ->

Find the value of 'm' so that the vectors 21 +] — 2k, i +] + 3k and mi +] are
coplanar.

—

+4j +3k & ¢ =—8i —j +3k find[g Z ¢l

N -

fa=—4i -6j —2k.p =—

If a=2i +3j -k, p=-2i +5k & ¢ =j —3k find g x (b x¢).
I G=3i +2j -4k, b =5i -3] +6k & ¢ =51 —j +2Kk find (3 %5 )<c.
PART - C

- - - - -

Find the unit vector perpendicular to each of the vectors 21 —J +2k and 101 —2 j +7k .Find
also the sine of the angle between them.

— g - — g -
Find the unit vector perpendicular to the vectors —1 + ] +2k and—41i +3 ] +2k . Also find
the sine of the angle between them.

- - - - - i
Find the unit vector perpendicular to each of the vectors 31 + ] +2kand21 —2 ) +4k . Also
find the sine of the angle between them.
Find the area of the triangle formed by the points whose position vectors are
- - - - 7 > - - -
(i +3)+2k,21 —-) +k,-1 +2 ) +3k (i)(3,-1,2)(1,-1,-3),(4,-3, 1)
Find the area of the parallelogram whose diagonals are represented by

S5 o - - -

()31 +]J -2k and i -3 ] +4k ()21 +J -k and31i —4] +k



10.

I1.

12.

13.

14.

15.

16.

17.

18.

19.

- - - - -
Find the moment about the point i +2 ] —k of the force represented by 31 + k acting through
- -
thepoint2i —Jj -3k
N

- -
Show that torque about the point A (3, —1, 3) of the force 41 + 2 ] +k through the point

B(5,2,4)is 1 +2] +8k

- - -> = I
Find the moment of the force 31 + ] + 2k acting through the point i — ] +2k about the point

-

21 -] + 3E )

Show that the points given by the position vectors are coplanar.
1 (1,3,1),1,1,-1),(-1,1,1),(2,2,-1)

(i) (1,2, 2), (3,-1,2) (-2, 3,2), (6,4, 2)

If g =2i+3j-k.p=-2 5k & ¢ = j — 3k verify that ax (b x¢) =
(a.c)b —(a.b)e

g =i +j+k.5 =31 -2 +k & ¢ =21 — ] —4K verifythat 3 x (3 xc)=(g.¢)
b —(a.b)c.

-

If g =3i-4j+5k. p = i+2j -3k & o =2i -] +k show that

If ¢ =2i+ 3] - 5k, Z = i +] +k &g =4_i)—2j+3k show that
ax(bxc)=(axb)xc

Ifg=1i+ +k,Z:2i+k,Z:21+j+k&g —{ +j 42K find
(axb).(cxd)

Ifag =1i-j+k, p =2i+3j -5k, c=2i+3j-k& d =1 +]j -k find
(@xb).(cxd)

fag=1i+k,b=i+j,¢é=i-k&3 =2i -] +3k find(axp)x(cxd)

- - - - - - - - - - -

Ifg =31 +4j +2k. b =1 +2]j +3k, ¢ =4i +2j +5k& d=4i +3j +7k find
(@%b)x(cxd).

-

N
i +J] + 2k verify that

- 2 > - >

IfZ=i+j+kZ: ik, =2i+jik& d
(a xb)x (¢ xd)=[a b d]c—[a b c]d

If ¢ = i+j+k,Z= i-j-k ¢ =-1i-j+2k& d =2i +] verify that
(@xp)<(Sxd)=[a b )< -[a b cld.



ANSWERS

PART - A
2) —i—+2k 3) i+4] -3k 4) -3i+5j+11k 5) 60°
6) 30° 7) 450 8) 1 90 10)21i-7k
mmo G- (iid) — j (iv) - |
12) 412+ 2Kk 13) 2i—4 -4k

PART - B
49 , .
1) A= \/ﬁ $q. units 2)A= TSq. units 3)A= 3\/§ sq. units
4HA= 5\/§ sq. units 5) (i) 155 cubic units  (ii) 7 cubic units
8 - - - - - -
7)m=§ 8)0 9) —-121+ 9j+3k 10) 951 — 95 j+190k
PART - C

. 4242k 3 . 4i-6j+k J53
1) n=——— ;Slne:— 2’ N=—m—— ;Slne:—
) 3 V153 ) J53 J6 V29

. i-i-k INE J
A= . §ing= V3 4) (i) A= 34 squnits (i) A= Y10 < units

NE) NIVINE] 2 2

5) (i) A= 5v3 sq. units (ii)A=% 6) m=-3i—7 j+9k ; |m|= ~139 units
7) 1;)1=—_i)—3)—ﬁ . |m|= /3 units 14)-4 15)-2

16) 41-2 j+ 6k 17) <121 -34 - 71k





