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COMPLEX NUMBERS

1.1. Introduction:

In this Chapter we briefly discuss about the introduction of complex
numbers, algebra of complex numbers, complex conjugate, modulus
,amplitude of complex numbers. This is followed by cube roots of unity
and De- Moivre’s Theorem to find the nth roots of complex numbers.

After completion of this chapter we will be able to use
complex number concept in electricity to find amplitude ,impendence,
etc. and imaginary number in signal processing in Radar system and also
in biology(Brain waves).

Real Numbers(R):

It is a fundamental fact about real numbers that the square of any real
number is never negative.
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Thus there is no real 'x" which satisfies the equation x2 + 1 = 0 .We shall
extend the Real numbers set which include numbers which satisfy such
equations.

The equation x2 + 1 = 0

Imaginary Numbers:

Let us represent vV—1 as ‘i’(imaginary unit)
i=+-1
i?=ii=vV-1.J-1=-1
iZ=-1

. o1, . . .
20, —3i, b V3 i,etc are imaginary numbers.

1.2 Complex Numbers:

A number of the form a + ib where 'a’ and 'b’ are real numbers and i =
v—1 is said to be complex number.

Complex Numbers

A Complex Number consist of a
Real Part and an Imaginary Part

a+bie. -

Real Part Imaginary Part | = --,,."—]




Complex Numbers Set
C={a+ib|a,b€Randi=\/—_1}

If z=a+ibisacomplex number then

Real part of z = Re(z) = a

Imaginary part of z =Img(z) = b
Example 1.1

If z=2+3ithenRe(z) =2andImg(z) =3

Example 1.2
Ifz=2=2+i.0thenRe(z) =2,Img(z) =0

ja +i10la € R, 1 =/ —1} (purelv real numbers)

If z=—4i =0+ (—4)ithen Re(z) = 0,Img(z) = —4

10 +1bh|b € R, 1 =+/—1¢ (purely imaginarv numbers)
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Algebra of Complex Number s

If lea‘l'ib,ZZ:C‘l'id




1) Addition: zi+z,=(a+c)+i(b+d)
2) Substraction: z; —z, = (a—c¢) +i(b—d)
3) Multiplication: z,.z, = (ac — bd) + i(ad + bc)

Multiply Complex Numbers

(a+ &} ¢+ di)
= c(a+ bi)+ di(a+ bi)
= ac + bt + adi + bdi® <

ac — bd +(bc+ ad)i

Exarmales:

(24| Fa5) (Ga+3FpT |
=32+ A7)+ Si( 2+ 4d) T(6+ 3 )—i{ 6+ 3i)
G 125 & 105+ 206" 12 + 2l —6é — 3F°
&— 20+ 22 12 + 3+ 15
14 + 22 15 + 15+
Properties of Addition:

It is clear from definitions that
z=x+1iy,z;—a+ib ,z,=c+id ,0=0+i0,1=1+1i0

(i)  Closure property: z; + z, € C

(i)  Commutative property: z; + z, = z, + 24

(iii) Additative Identity: z4+0 =0

(iv) Additative inverse:z + (—z) = 0 where —z = —x — iy

Properties of Multiplication:

(i)  Closure property:z,.z, € C

(i)  Commutative property: z,z, = z,2,

(ili)  Associative property:(z,2,)z; = z,(2,23)
(iv)  Multiplicative Identity: z.1 = z

(v)  Multiplicative inverse:izz"t =1 if z# 0




Complex Conjugate:(z)

If z=a+ib then Z=a—ib

Given a complex .
number Its conjugate
a+ bi a—bi
a— bi a+ bi
Examplel.4

Ifz=2+3ithez=2-3i

Examplel.5

If z=—4ithenz = 4i

Modulus (]z]) :
If z=a+ibthen modulus of zis |z| = /az + b?
Examplel.6

Ifz=243i then|z| =V22+32=+/4+9 =+/13

Example 1.7
If z=3ithen|z| =V0%+3%2=3
Example 1.8

If z=5then |z| = V5% + 02=5

Argument (argz): If z=a+ ib then argument of z = argz = tan‘lg
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Examplel.9

1

N W

If z=2+ 3i thenargz = tan™

Method to find argument of z=x+iy

Step 1: Find @ = tan™?! |§| and this gives the value of « in the 1% quadrant.

Step 2:Find the quadrant in which z lies with the help of sign of x and y co-
ordinates.

Step 3: Then argz = 0 willbe a,m — a,a —mand (—a) accordingas z
lies in the first,second,third and fourth quadrant.

Example 1.10
Find the argument of z = —1 4 iv/3 ?
Ans- z=—1+iV3 - (=1,V3)

Since this is a point in the second quadrant so argz=argz =60 =nm — «a




3
Where ¢ = tan~! |§| =tan~ ! |_£1|
= a =tan 13
= tana = V3

s
= tana = tan;

T
S>a=-
3
s~ O=argz=m—«
=T —g — (Ans)
Multiplicative Inverse :
If z=a+ ib,z # 0 then multiplicative inverse of z=2z"1= i = ajib
a-ib

~ (a+ib)(a—ib)

__a-—ib
T a2—i2p2
_ a—ib _z
T a?+b? |z]
1 a b _Z
a? + b2 a?+ b? |z|

1.3 Geometrical Representation of a Complex Numbers:

The complex number z = a + ib is represented by the ordered pair (a, b)

z=a+ib- (ab)




X-axis — Real axis ( real part complex number is represented by X-axis).
Y-axis — Imaginary axis (imaginary part is represented by Y-axis)

Cartesian plane - Complex plane (There exist a one to one correspondence
between the elements complex set and point on this plane)

Complex plane— Argand plane (As the identification of a complex number
on aplane was proposed by Jean —Robert Argand)

Tt
Ai A Z=x+iy
(ﬂ* b} -}]' ...... :
r/y
F ‘u.lqo ! o
b 0o x > %
- ‘ > r :
ﬂ il R __‘1,-" |
Y Z=Xx—1y
Polar Representation:
F(z)
z=a+bi = |z|e"
bl .
" i'r'Hiuﬁ
;| R(z)
U 'F'L'UHIE'I' )
zZz=a+ib,

|z| =/ a? + b?

0 =argz




In the triangle sin 8 = g
=>b =rsind
cos =2
T

a=rcosf@

Polar form
a+ib=rcosf@+irsinf =r(cosf +isinf)

Example :1.11

Represent z = 4 4+ i8 diagrametically in the complex plane.
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Example:1.12

Express z =1 in polar form.

Ans: z=1,
|z]| =124+ 02=1=7r

0
= tan_li =tan"10=0

QI

1=1.cos0+il.sin0=cos0+isin0
As cos(2km + 0) = cos O

sin(2kmr + 6) = sinf




1 = cos(2km + 0) + i sin(2km + 0)

1 = cos(2km) + isin(2kr) k=0,1,2,.....

Example 1.13

Express z =141 inpolar form.

Ans:z=1+4+1

lz| =12+ 12 = /2,

1 T

f=tan"'—=tan"'1=—

an 1 an 2
z=1+4+i=rcos@ +irsiné

T T

=2 Cosz+i\/§sinz

=2 (cos(an + %) + isin(2km + %))

1.4 Properties:

If z,,z, are two complex numbers then

(i) zy+z,=2;+ 7,
(i) Z1Zy) = 717
Z1\_ 24
(iii) (ZZ =— 2 %0
(iv) |21. 2,| = |21]|2,]
Z1 |z |
v 2l ==
( ) ) |z

(vi) arg(z,z,) = argz, + argz,

(vii) arg (z—l) =argz, —argz,
2

(Ans)




PROBLEMS 1(A)

Problem 1.1

3450 .
Express the 2_—3i ina +ib form.

345 _ (3+50)(2+30)

Ans: o= , .
2-3i (2-31)(2+30)

_ 6-15+i(10+9)
o 4—i232

_ —9+i19
4+9

=242 (Ans)
13 13

Assignment 1.1

Express the following in a + ib form.

1)

2+3i
5-2i

(1+i)*

255

1+i
3) 1

Problem1.2

: : 1-i

Find the conjugate of — .
3+i

1-i _ 1-DB-D

ANns. z = =
3+i (3+i)(3-1)
_ 3-1+4i(-1-3) _ 2-4i _2-4i _ 2 .4 1 j
- 322 " 9+1 10 10 10 5

_ 1.2
z=c+ic (Ans)




Assignment 1.2

Find the conjugate of the following complex numbers
3451
2-3i

1)
1+i

2
3) 2+31.
5-21

Problem1.3

Find the multiplicative inverse of 3 + 5i

1 (3-50)
3450 (3+50)(3—-50)

Ans: (3+5i)7 1=

_ 3-5i
T 32-(50)2

3-5i 3-5i 3 .5
T 9-(-25) 34 24 124 (Ans)

Assignment 1.3
Find the multiplicative inverse of

1) 3+ 2i (2) 3i  (3) 1—i
Problem 1.4
Find the modulus of (1 + i)2.
Ans:z=(14+)%2=1—-1+4+2i=0+2i.
alzl =V02 422 =4 =2 (Ans)
Assignment 1.4.

Find the modulus of the followings.

3+4i . 1-i
) 3-2i 2) 4 3) 1+2i

Problem 1.5




Find the argumentofz =141i?
Ans- z=1+i- (1,1)
Since this is a point in the 1st quadrant so argz=argz = 6 = «
Where ¢ = tan™?! |X| =tan~! |l|
X 1
=>q=tan 11
= tana =1
= tana = tan%
s
S>a=-
4

~O=argz=«a

s
= (Ans)
Assignment 1.5
Find the argument of the followings.
V3 —i 2)—14+i 3)—1-i 4)1 —i

Problem1.6

Represent the complex number 3 + 2i,—3 + i3.5,1 — 4i in the complex
plane.

Ans:  The given complex numbers are represented by the following points

3+2i—-(32),-3+i3.5->(-3,3.5),1—4i - (1,—4)




Assignment 1.6
Represent the following complex numbers geometrically in the Argand plane
() —-14+i6 (ii)—2—-4i (ii)1—i (iv) 3i

Problems .1.7

3=i%i=(-1D.i=—i
t=Bi=(Di=-i*=—-(-1D=1

im="H"=1"=1,n€ez

An+1

[ =i
i4n+2 = -1
l-4n+3 = —i
Find the value of 1011
Ans: (1011 — j4X252+3 _ ;4x252;3 _ ;3 _ _; (Ans)

Assignment 1.7
Find the value of

())(—i)*™*3 where n is a positive integer.  (ii) (=)'  (iii) i*°




1.5 Cube roots of uniw:(1)1/3

Letx = V1

= x3=1
>x3-1=0
> x—-Dx*+x+1) =0
5x—1=0,x%?+x+1)=0
= x = 1(real root) x? + x + 1 = 0 (quadratic equation)

—1+iV3
2 X = '8

_ -1-i3

cx=1, x=a= , are the cube roots of unity.

Properties:

(i) a=p,p=a

In otherwords .the two comnlex roots are coninoates of each other.

(ija® =B ,f* =«

In otherwords the sonare of anv comnlex root is the other comnlex

—-1+iV3 -1-iv3
(i) If w = then w? = .
2 2
So cube roots of unity are 1, W, "

(iv)Since w is the root of the equation x3 =1

> wd=1
[ |

w3n — (w3)n =1

w3n+1 = w

e




(vi) Since w is the complex root of x3 —1 = 0.
i.e. w istherootof x2+x+1=0
So w+w+1=0

Example 1.12.
Prove that (1 + w?)* = w where 1, w, w? are the cube roots of unity.
Ans. L.H.S.=(1+ w?)*

= (—w)* Asw?+w+1=0)

= w?

= wdw

=w (Asw3=1)

=R.H.S (Proved)

1.6

De-Moivres Theorem (for integral index)

(cos@ +isinf)" = cosnb + isinnf for any integer.

De —Moivres Theorem (for the rational Index)

P
(cos@ +isinf)a

= cos(%@) + sin(s 0)
where g a rational number with g > 0.

Application:

Example 1.12

Find the cube roots of unity.

Ans : x=1

1
= x = (cos 2mk + isin 2mk)3

= cos? + isinzglk k=0,1,2




k=0:x=cosO+isin0=1+i0=1
k=1:x = cos?™ +isin?® = -1+ ¥
3 3 2 2

271’3)(2 + iSiI’l 27I3X2

k =2:x = cos

= (cos*™ + isin*r) =

(As 2?n=120 )

V3
—— 2 (Ans)

2

(As sin%n = sin (n + g) = —Sing = —7)
If a=r(cos@ +isinf) then
zZ = r% {cosM + isinw} k=0123,...... n—1
PROBLEM 1 (B)
Problem 1.1
If 1, w, w? are the cube roots of unity prove that
(1-w+w?)’+(1+w-—w?)>=32
Proof: Since 1, w, w? are the cube roots of unity ,so w3 =1
and 1+ w+ w?> =0
14w = —w?
14+ 0w’ =-w
0+ w?=-1
LHS=(1-w+w?)*+ 1+ w-—w?®
=1+’ -w)’+1+w—ow?)’
= (~w — w)® + (—w?-w?)° 1+w=-w?l+w?=-w

= (—2w)® + (—2w?)"

= (-2)°w® + (-2)°w®®




= (=2)°(w® + 0%

= (-2)*(w* + ) (0"=1)
= (=2)°(-1) (w+ w? =-1)
= (-32).(-D)
=32=R.H.S (Proved)

Assignment1.1
If 1, w, w? are the cube roots of unity prove that

(i) Ql-w+0d)(d+w-—w?)=4%

() 1-w)(d-0)A-0H(1-w’)=9

(i) I—-w+w?) 1 -w?+o)1 - o*+ w?)...to 2n factors = 22"
(iv) Evaluate " Z:| :

—w®

(v)  Find the value of (1 —w + w?) (1 + w + w?)

Problem 1.2

If x+§:2c059 then show that x“+xin=ZCosn0.

Ans: Given x + % = 2cos@

x%+41

= 2cos6

= x% + 1 = 2xcosf

= x2 + c0s%0 + sin?0 = 2xcosO
= x2 + c0s%0 — 2xcos0 = —sin?6
= (x — cos0)? = i%sin?0

= x — cosf = *i sinf

= x = cosO *+ i sinf




let x = cosO + isinf
x™ = (cosO + ising)"

= cosnf + isinn@  (De — Moivres Theorem) ... (1)

1
— = (cosB +isin®) ™ = cos(—n0B) + isin(—nh)

xn
= cosnf —isinnd (De — Moivres Theorem) ... (2)
From equation (1) and equation(2)
x™ + — = 2cosnf (proved)

xn

Assignment1.2

(i) If x+i: 2 cos® then show that x™ — — = 2 i sinnd.

X
(i) Find the 1+ .

(i) Find the cube roots of 1 + i.

Problem 1.3

Find the square roots of 3 + 4i .
Ans: Letx,y € R suchthat
x+iy=+3+4i
Squaring both sides
(x +iy)?> =3+ 4i

= x2+ (iy)?+2.x.iy =3+ 4i

>x2—y?+i2xy=3+4i (As i2 = —1)




Equating the real and imaginary parts
x2 =y =3 ... ()
2xy =4 ..........(2)
(a+ b)? = (a—b)? + 4ab
So (xZ + y2)2 — (xZ _ yZ)Z + 4x2y2
= (x* +y?)? = (x* —y?)* + (2xy)?
Using x* — y?> = 3, 2xy = 4 we have
(x2+y2)?2=3)2+4)*=9+16
= (x2+y%)%* =25

But since x2 + y? is non-negative , so we have
>x24+y2=5.inun...(3)

From equation (1) and equation (3)

x2—y2=3

x*+y*=5
= 2x* =8
=>x =2

When x = +2 then y =14
But 2xy =4
As the productof x and 1y is positive,

= x and y have same sign.

Thus if x=2=>y=1 , sox+iy=2+i.1




Ifx=-2>y=-1 ,sox+iy=-2+i(-1)=-2—-1i

SV3+4i=X(2+10) (Ans)
Assignment 1.3
Find the square roots of

(i) —15-8i (ii)—7+24V-1

(iii)) — 5+ 12i (iv) —8++V—1




MATRICES

Minor — Minor is the determinate value which is obtained by deleting row & coloumn of the

particular element and denoted by the symbol ........ , I-rows j-coloum.
2 1 3%

Ex: %‘ —2 8y
B 6 1

1
= =1-18=-17
M 6 j

2 =16-12= 4
M,=l, 4= =

Upper triangular Matrix — A matrix is said to be upper triangular if the elements below
the main diagoned are zeros.

1 5 9O

Ex. %) 3 7%
B 0 &
Elementary transformations : — The following operations three of which refer to rows are
known as elementary transformations.
The interchange of any two rows (Rij)
The multiplication of any row by a non-zero scalar (kRi)

The addition of a constant multiple of the elements of any row to the corresponding elements
of any other row (Ri + kRj)

Equivalent matrix — Two matrices A and B are said to be equivalent if one can be obtained

from the other by a sequence of elementary transformations.

Rank of a matrix : A matrix is said to be of rank ‘r’ if

(i) It has atleast one non-zero minor of order ‘r’
(i) Every minor of order higher than ‘r’ varishes.
The rank of a matrix A shall be denoted by the symbol e(A).



Working Rule :
Step — | : Conver the matrix to the upper triangular form.

Step — Il : The no.of non-zero rows is the rank of the matrix
Example — 1 :
03 -1 23
[
Find the rank of the matribxd® 2“0
B3 1 2H
Solution :
D3 -1 20
A=36 2 47
@-3 1 25
03 -1 20
0 [l
~ 0 0 8DeR2+2Rl
B3 1
-1 21]
~ %) 0 8
@) O 4§-R3+R1
-1 2D
~ %) 0 8
@ 0 0a2R3—R2
p(A) =2

Consistency : A system of equatiars are said to be consistent if either they will have unique
solution on many solution and sid to be inconsistent if they will have no solution.

2x+3y=8 X+2y=5 x—-y=10
X—2=4 X+4y=10 X-3y=15
(unigue solution) (many soluion) (No solution)

Consistency of a system of linear equations : -
Consider a system of m linear equations

a Xt a,X ... +a,Xx=h S
A Xt Xt +a2x>$=sz



Containing the n unknows, X,....X .
Writing the above equations in matrix form we get.

Oay, ;... ahg

(821 8ppeenBy .
A=, ,B=]"

O O

El ....................... El b

N T "

A is the co-efficient matrix and
C is called agumented matrix
Rouche’s Theorem : (Without proof)

The system of equations (1) is consistant if and only if the co-efficient matrix A and the
augmented matrix C are of some rank otherwise the system is inconsistent.

Procedure to test the consistency of a system of equatignsikmows.

Find the ranks of the co-efficient matrix A and the augmented matrix ‘C’ by reducing to
the upper triangular form by elementary row operations.

(a) Consistant equations : If Rank A = Rank C
(i) Unique solution Rank A =Rank C =n
Where n = number of unknowns.

(i)  Infinite solution : Rank A= Rank C =r.r<n.

(b) Inconstant equations if RanksARank C
Example — 2 :

Show that the equations

2x+ 6y =-11, 8+ 20y — 6z = — 3, 6y — 18z = — 1 are not consistant.
Solution :

Writing the above equations in matrix form

@2 6 00O G10
0000 .0
% 20 -6q 5’5 030, AX = B
D 6 -1 A 617
A X B



6 00 311
O_50

_ 0 po
A= 20 -60 B=g3pc=-|a:p)

6 -18  B-18
C= 20 -6 : -3~ 2 -6 : 3005R,-3R

2

%

£

@ 6 0 -1 @ 6 0 : -11
&

M 6 -18 : -1 B 6 -18 : -1f
2

6 0 : —117
- Ep 2 -6 30%
D0 0 :-9F->R-3R

The rank of C is 3

and rank of A'is 2

Rank A# Rank C.

.. The system of equations are not consistant
Example — 3 :

Test consistency and solve :

S5x+3y+7z=4

3x+2by +2z2=9

xX+2y+10z=5
Solution :

Writing the above equations in matrix form

70 xO 04D

5 3
3 2 20 Oo 5H, AX=B,C=[A:B]
F 2 108 25 B

A X B
1o
o8 7, 4
B 3 7 @ 4 5 5 = 54
0 0
C=32 2 :$~3 D 2 : 9
. 0
g 2 10:5 J 2 10: 5
0 O
5 3 7. 40
.
0 5 . oF
® % % so-RR
O i
11 1 -F
Tt s N
D = Eg-R-TR



% 3 7 40

FE =0

5 5 5 50
8) 121 -11 33

- 5 5 50U
0 0 0 :o0n o1
8 87 % 11 °

Here Rank of A = Rank of C.

Hence the equations are consistent.

But the rank is less than 3 i.e. the number of unknows.
So its solutions are infinite

% 3 7 0O 040
= = 0 Os O
0 ° ®pgmxo 0°p
g 121 -1000 039
5 5D@z§ Ogs0
O 0.0
%’ 0 0p 00g
B B B B
3 7__ 4
X+ y+—z=—
5 5 5
121 11 33
—y-—z=— —z=
Sy-TzT L orlly-z=3
3 k
= — = =+ —
Letz=k, 11y —k 30ry11 11
303 kO 7 4 -16 7
X+ = +—+—k=— X=——Kk+—
s 1 5 5O XSt

Example — 4 :
Determine the values @f& u so that the following equations have
(i) no solution (ii) a unigue solution (iii) infinite number of solutions.
X+y+z2=6X+2y+3z2=10x+2y +Az =

Solution :
Writing the above equations in matrix form we have

L 1 10 xO EGD

PQVEGE



C=[A:B]
111:600@1 1 6 0

- 0

C=d 23 : 1601 2 4 5.R,-R
33A: uE ®1A-1: pu-6-R,-R
n1 1 6 O

_ 12 40
® 0 A-3: p-1E-R-R

(i) There is no, solution = Ip(A) # p(C)
e A—3=00A=3&u—-10#0 oru=10
(i) There is a unique solution iH(A) = p(C) =3
i.e.,A— 3% 0 orA # 3 andu have any value
(iif) There are infinite solution gh(A) =p(C) =2
A—3=100A=3andu—-10=0o0m =10

Assignments

1 2 30
Find the rank of the matri% 4 7%
B 6 10§
Test the consistency & solve
4 -5y +z2=2
X+y—-2z2=9
X+4y+z=5
Determine the values af& b for which the system of equations
3X—-2y+z=Db
5x—8y+9z=3

2X+y+az=-1
() has a unique solution (ii) has no solution (iii) has infinite solution.

O d O



LINEAR DIFFERENTIAL EQUATIONS

Introduction :

The Mathematical formulation of many problems in science, Engineering and Econom-
ics gives rise to differential Equations.

For example : The problem of motion of a satellite

e The flow of fluids.

e The flow of current in an electric circuit

e The growth of population

e The Conduction of heat in rod etc leads to differential equations
Definition of Differential Equation :

A differential equation is an equation involving derivatives of one or more dependent
variables with respect to one or more independent variables.

There are two types of Differential Equation
1. Ordinary differential Equation
2. Partial differential Equation

Example :
dy
— + :X2
@ Y
d’y, ,dy, ,dy
+3—+2—+y=0
®) g Pae TP Y
au Ek?u

© 5 *"Eaor

Linear differential Equation :

Linear differential Equations are those in which the dependent variable and its deriva-
tives occur only in the first degree and are not multiplied together.

The differential Equation of the form

n-2

Y Y, T ry=x
X Xt dX




Is known as linear differential Equation with constant coefficients. Wheke k..... k
are constant, X is the function of x.

There are two types of linear differential Equation
1. Homogeneous LDE
2. Non Homogeneous LDE
Homogeneous Linear Differential Equation :
If RHS of Equation (1) is Equal to zero then we get homogeneous LDE.

n n-1 n-2
iedy+k1d y d“y

a0 A
Wheref (x) is the function ofX’
The general solution format of Equation (1) of the form (C.S = C.F + P.l)
Where C.S. — Complete Solution
C.F — Complementary function
P.I — Particular integral
So complete solution of Equation becomes (y = C.F + P.I)
Note - 1: In case of Homogeneous LDE
C.S = C.F [where P.I = Q]
Note - 2 : In case of Non-Homogeneous LDE

+k,

CS=C.F+PlI
Operator :
2 3
Denotingi,d_,i .......by D, B, D etc.
dx dx? " d¥
d
So that—y:Dy
dx
d’y 2
— =D
o Y
d"y
—Y-p"
ax Y

Where D—Derivative

1 .
Then D~ Integration

Then operator form of equation (1) becomes
Dy+ K D™+ kD" + ....... +Ky =X
= (D"+kD"+KkD"?+........ + Ky =X
= FMD)y=X ... 2
Where F (D) = D+ kD™ + kKD"2+ ........ + k of function D



Auxiliary Equation (AE)
Putting the coefficient of y equal to Zero in Equation (2) we get an Auxiliary Equation. i.e.
F({D)=0
i.e. D'+ kD™ + kD" + ........ +k=0
Depending value of ‘D’ in Auxiliary Equation, complementary function are different

types.
Case - | : If roots are real & Different

Let m & m, are two real roots and different
l.e. m#m2
Then C.F = G2mx + Cemx
Where G, C, arearbitrary constant
Case - Il If roots are real & Equal
Let m & m, are two real roots & Equal
em=m,
The C.F = (C+ Cx) emx
Similarly if m, = m, =m, (Three roots are Equal)

Then C.F = (C+ Cx + Cx) e™*
Case - Il : If roots are Complex conjugate
Letm = o+ if are conjugate complex root
Then C.F ={C cofx + CsinBx}
Case - IV :If two conjugate complex roots are equal
Letm =m,=axif are equal
Then C.F =*{C + Cx) coPx + (C,+ C,x) sinBx
Example — 1 :
2
soive Y-8 +15y=0 (1)
Solution :
The operator from of equation (1) becomes
(D?-8D+15)y=0
So Auxiliary Equation
D2-8D+15=0
= (D-3)(D-5)=0
= D=3,5
Then C.F = (&> + Ce>
So complete Solution
y=Ce*+ Ce™ (Ans)



Example — 2 :

d’y _.dy
—J =2
Solve v Ix

+9y =0
Solution :
The operator from of given equation is
(D?-6D+9)y=0
ThenA.E B-6D+9=0
= (D-3¢=0
= D=3,3
CF=(G+Cxe*
Then C.Sy = (C+ Cx) (Ans)
Example — 3 :
Solve (G3+4D +5)y=0
Solution :
So A.E D+4D+5=0

_—4+.16-4.15

2.1

_-4-4
2
_ 4+ 2 _
2
Then C.F == >*{C, Cox + CSinx}
So C.Sy =?*{C,Cox + C,Sinx} (Ans)
Procedure to finding particular Integral.
We know that F (D) y = X
=X
= 7TFD)
Depending upon nature of ‘X', Particular integral are different types
Case —1 :When X =e*

D

-2+

ax

e
Then P. | :m where D =a

_xe™ .
If F (@) =0, Then PIF F (a) provided F(a) # 0
Zeax

If " (@) =0, Then Ple"—® provided F(a) =0

And so on.



Case — 2 Whex X = sin @ax+ b) or Cos éx+ b)

sin(ax+ b)
Then PI=—7—y— PutDF=-&
F(0)

ButnotD =-a

_ Sin(ax+ b)
= (_az) provided F (a%) #0

If F (=a?) = 0, The above rule Fails & We proceed further

_ xsin(ax+ b)
ie P.I ‘—F.(_az) , Provided F(—a?) # 0

Sin(ax+ b
If F” (—a?) = 0, Then P.E XZ::"(F_X;;)), Provided P(— &) % 0

And so on
Case — 3 When X =e®v, Where v = function of¥X

ax

_ ¥y
Then PI= F(D)

=e¥ 1 v
F(D+a)

Similary when X =e®v

1 \/
F(D+a)

Then Pl=e®

Case — 4 When X =x™ (ie, X, X2, X3 ......... )

m

Then Plzm = [F (D)f*xm
Convert F (D) into {1 +®(D)} or {1 — ®(D)} by taking D"
(if possible). Then by using Binomial Theorom we find solution.
Case — 5 When X = xv

Then P.I= =7~
en k. F(D)

_B.-F()F v . -
- g‘_ F(D Where F (D) is the Derivative of F (D)

(D) &F (D)



Case — 6 Whenx = is any other function

- X
Then P.1= F(D)

Convert F (D) into (D ) or (D +a) factor form

—_ X — at —_ - —ax t
Then |f——D e” IXe dxif = — e Ix@ dx
Example — 4 :
Find P. I of (O + 6D +3) y = &
Solution :
e2x
P.Il. = m putD =a
ie.D=2
2X
Then P e—
(2) +6(2)+ 3
e2x e2x
T4+12+3 19 (Ans)
Example - 5:
Solveﬂ @ dy 2y = & + cosx
X Sae Va P
Solution :

The operator form of given equation becomes
(D® - 30 + 4D -2) y =€ + cox

So A.E OD-3+4D-2=0

= D-1,1+%i

= D=1,1#i

C.F=Ce+e{C,Cox + C, Sinx}

" +cosx

Then PI=
D®*-3D?+4D -2

X

- € + COSX
(D-1)(D*-2D+2) D°-3D°+4D-2

X

€ COSX

:(D—l){1—2+2}+(—])D— -3+ o-2




X

__€ , cotx
D-1 3D+1

cosx(D- )
(3D+1)(Dd-1)

eX
=X—+
1
3D)cosx— cox

:x€+(
9D? -1

—3SinX— COsX
+ _

=X+ — = xé‘+—1(33in X+ COS )
10

-9-1

. 1 :
SoC.Sy:Qex+eX{Czcos<+C3$|rb<)+xe‘+R) (3 six + cox}

Example — 6 :

Solution :

Find the P.I. of (B+ 1) y =€* cox + sinX

_ €“cosx+ sinX

P.I. o1

«  COSX sinX
=€ 3 + 2
(D+1) +1 D°D+1

_ o COSX N sinX
-D*+3D?+3D+2 -9D+1

o COSX + sinX
D*+3D?+3D+2 1-9D

o cotx + sin X
-D+3(-)+3dD+2 - D

_ . cosx(D+ 1) sin¥( + @)
-° (2D—1)(2D+:I)+(1— D)( ¥ D)

_ & 2D (cosx) + cox  sing+ 9( sing
4D% -1 1- 8D?

_ ,—2sinx+ cosx ;. sin&+ 27cosB

4(-1)-1 M 81-9

:e—SX(ZSinX— cos><)+7i30( sin&+ 27cosg

(Ans)



Example — 7 :

2
Solve ay +9y = XCOSX

dx®
Solution :
The operator form is (D+ 9) y =x cox
SoAE D+9=0
= D?=-9

= D=9
= D=%3i
C.F =G cosX+ C, sinX
XCOSX
D?+9
Here F (D) =DB+9
F (D) = 2D
8 F'(D)E v

X —7 07
Then PI g F(D) QF(D)

Now P.I =

2D
2+9

COSX
D?+9

put D? = -1

I:IQI:I
O
[

2D Ecosx
24+9-1+9

1
DQI:I
O

_ xcosx _ 2D (cosx)
8  g(D*+9)

_ Xcosx 2sinx
8 8x8

_ Xcosx Sinx_ 4x cosx+  sirx
8 32 32

4xcosx+ sinx

= i +
So C.Sy = osx + C, sinX 32 (Ans)
Example — 8 :
d?y
—Z+4y=x
Solve o7 y
Solution :

The operation form given equation becomes
(D?+4)y =x



SoAE. D+4=0
= D?=-4

= D=/2
= D=42i
C.F = GecosX + Csin

2

Then P.l=— XD2
A+
=

2

_EEZXZ—%_ -1
40 2 . 8

2x° -1

So C.Sy=CCosx + C, sin X+ (Ans)

Other Method for finding P. | :
Method of variation of Parameters :
This method is applies to equations of the form
y’+ py +ay =x
Where p, q & are function ok.

X X
Then P. | :—ylj’%dX+ yzjyﬁ oy

Where y &y, are the solution ofy+ py + qy = 0 of the form =g, +cy, & wis
called wronskian of y& y,

Yi Y.

Calculate by formula w (yy,) = vy
2 2




Example — 9 :

d’y
— 4+ V=
Solve v Y= cose&

Solution :

The operator form of given equation is
(D? +1) = Cosex

SOAEDF+1=0

= D?=-1

= D= -1=0zi
C.F. = G cox + Csinx

Here y = coxy, = sirx

_|cosx  sinx
Wy, o) = -sinx co

= cosSx+ sitx=1

Then P.I =—cosxj'mdx+ Simﬂ-SIN;lCOSﬁCdX

. 1 . 1
=—cost Sink —— dx+ sind cos«——— dx
sinx sinx

= —cost’dx+ sin>1 cotx dx

= — cosx (X) + sinx In sinx
So C.Sy = Ccox + C,sinx + sirnx Insinx —x co (Ans.)
Partial Differential Equation

Let z =f (x, y) be a function containing two independent varialBey and z is the
Dependent variable.

Notation : Let z =f (X, y) be a function ok & y

0z 0z
= —=(q
Then I Y dy
0%z _ 9%z —t
Y ay*
0’z _
oxoy

Formation of Partial differential Equation
A partial differential equation can be formed by
() Eliminating arbitrary constant.
(i) Eliminating arbitrary function.



Example — 10 :
Form a partial different equation by eliminating function
Z=f(x+y? (1)
Solution :
Differentiating partially w.r.tx & y in equation (1) we get

oz _ ., .

v f (X2 + yz).2X (taking y as a constant)
= p=f"(+y). ..(2)
Similarly g =f" (x*+y?. 2y ...(3)

fr{x*+ yz).2x

. P_ -
Dividing (2) & (3) we geta f.(xz + yz)_zy

P
g

< | %

= py—-x=0 (Ans.)
Linear Equation of the First order :
A Linear partial differential equation of the 1st order is of the form
Pp+Qq=R
Where P, Q & R are function &f y, z.
This equation also known as Lagrange’s Linear equation
NOTE :
The general solution of the liner partial differential equation Pp + Qq =R is
0(ab)=0
Or a=¢(b)
Or b=¢(a)
Where¢ is an arbitrary function & ux(y, z) =a & v &, vy, z) = b form the solution of the
equation

Then that can be solved by two methods
(1) Method for Grouping
(2) Method for Multipliers
Method or grouping :
Take any two fraction from Subsidiary Equation such that thea8iable is absent or it
may be cancelled.

dx _d
For example takeg =6y(such that z may be absent)



After Integration we geft(x, y) =a

dy dz

Similarly we takea = R

After Integatiorf (y, z) = b

So general solution = ¢ (b)

or b=¢(a)
or d(a,b)=0

Method for Multipliers

Let us choose the multiplier's (RY, R) such

That PP+ QQ +RR =0

Then we write RIX + Qdy + Rdz =0

On Integration we gdt(x, y, z) =a

Similarly choosing the multipliers (PQ”, R”) such that

PPP+QQ +RR' =0

On Integration we get (Y, z) = b

So general solution = ¢(b) or¢ (a, b) =0
Example — 11 :

Solve y¥zp + 2xq = y?X
Solution :

It is of the form Pp + Qq =R

Where P =3z, Q = 2x, R = yx

dx _ dy _ dz

So its S'EyTz:?x_ 7)(

Taking F'and 3 fraction, we get

dx _ dy ) .
'z E(Here ¥ variable y is cancelled)

= xdx =z

Integrating both sides we gft(dx= I zdz

X2 2

L XiZu
2 2
= X-Z=2c=a

Similarly taking 29 and 3

i.e ﬂ:ﬂ
X Y

= yidy=2Zdz



Integrating both sides we get

Y _Z
= 37 3¢
= y-2=3¢=b
So general solution iR¥ — 2 =¢ (y® - %) (Ans.)
Example — 12 :
Solvex (Z-y)p+y €+y) q=2z=(¥-X)
Solution :
It is the equation of the form
Pp+Qq=R

Where Px(ZZ2-yY) Q=yK¥-2 R=z(fY-x)

SoitsS.EiS( 7 ),()8 7)” U X

Let us choose multiplierx(y, z)i.eP =x, Q@ =y, R=z
Such thakx (Z—Vy) +y.y ¢ —2) + 2.z (Y —X°)
= X222 — X2 2 + VX2 — VP72 + Y2 — X2
=0
Then we writexdx + ydy + zdz =0
On integration we set

2 2
X y,z
2 2 2
= X+y+Z2Z=2c=a

=C

mii10 1 1
Again choose the multlpllerﬁ— Y _ZE ie P'= 2 Q= ; R

Such that—)l(x(zz‘ )/2)+E y %- f)+—i £y %

=Z-Y+X-Z+y¥-x2=0
Th 1dx+1d +ld =0
ey y Y797

On integration we get
logx + logy + logz = logb
= log (xy2 =logb
= Xyz=bhb
So general solution it + Y2+ Z2=¢ (Xyz)  (Ans)

N |+~



Assignment
Solve the followings :

d’y  _dy 4
1. LY 3W 1oy = &
o Cax Y

2. Y'+3y+2y=4cox

(D?+ a?)y =k cos ax + b)
5. (D-2yy=8*+sinX)
d’y d’y _dy

6. —-——= =1+ X2
d¢  d¥¢  dx



LAPLACE TRANSFORMS

GAMMA FUNCTION :
The grmma function is defined as

F(n):J’: e*Xtdx 0 (1)

It defines a function of n for positive values of n.
Value of I" (1) :

We have,
r@= I:e'xx’ dx= f: eXdx=]-6*F=1

Hencel'(1) =1 ..(2)
Reduction formula for I" (n) :

We have,
r(n+l1)= J’: e * X' dx[Integrating by parts]

=|-x"e* [ + rT: e* Xt dx 0+ m(n)

-~ I'(n +1) = n'(n), ..(3)

which is the reducation formula foXn).

Using the reduction formula fai(n), we can write the value 6{n) in the form,

r(n):@_

(4

Thus (1) and (4) together give a complete definitiod'@f) defined for all values of n
except when n is zero or a negative integer and its graph is as shown in the following

figure.



7

N w
I
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VALUE OF T'(n) IN TERMS OF FACTORIAL
UsingI'(n + 1) = A°(n) successively, we get
r2)=r(1+1)=1xr(1)=1!
Ik=r+1)=2xr2)=2x1=2!
I'4)=r3+1)=3x'(3)=3x2!=3l

In general’(n + 1) = n!., provided n is a positive integer.
Taking n = 0, it defines 0! F(1) = 1
Thus,I'(n + 1) = n! (forn=0,1,2,3......) ....(B)

1
Value ofI‘E:

We have,
Mo —X
r B [, €% Y2dx  [Putx = y, so thatdx = 2ydy]

" Y L ar® 2
= 2J’0 e’ dy, Which is also= 2J’0 e dx

. @L%ﬁg - 41:1:6_(X2+YZ) dxdy [Putx=rco® andy =r sifl]

0o

:4J’:2'[:e‘r2 rdr d@ = 4%I:e‘r2 rdr = 211= %—%e"z % =T



Hencerﬁéﬁz\/ﬁzl-772 ....(6)

Example — 1:
r ﬁj ﬁ]Dlﬂ
Evaluate, Bé H
r(4)r@er(s)
Solution :
B
We have,
r(4)r®)r(s)
mik 03
MN-+1 +1 f[[r mr
e e
rE+1r (5+r (#+ 1) 315171
3 010
fsr + 1 ST
B H" deH_ smim
4.3.5L7! 43'5'7' 8.31.51.7!
__mr __nim
161.51.71 9676800
Example — 2 :
Evaluatel'(-3.5)
Solution :

MNn+1
We know that, (n) = %

For all n expect n is zero or a negative integer.
Now, we have,

M(-3.5+1)_rE25)_ M(=25+1) _ rel9)
35  -35 (35)(25 (35)(25)

. T(-15+1) _  Tr(-05 _ M(-0.5+1)
" (3.5)(2.5)F 1.5) (3.5)(2.5)¢ 1.5) (3.5) (2.5)F 1.5)¢ 0.5)

[(-3.5)=

_ [(0.5) _ Jm _
(3.5) (2.5)(1.5)(0.5) (3.5) (2.5)(1.5)(0.5)

~. T (=3.5) = 0.27




Laplace transforms :

Definition :
Letf (t) be a function of t defined for all positive values of t. Then the Laplace transforms
of f(t), denoted by L f{(t)} is defined by

LT = e () dt

Provided that the integral exists. s is a parameter which may be a real or complex number.

L{ f(t)} being clearly a function of s is briefly written &gs).

ie., L{fO}= f(s).

This implies that,f(t) = L-*{ f(s)}

Thenf(t) is called the inverse Laplace transformfaf) .

The symbol L, which transforms f(t) intb(s) , is called the Laplace transformation operator.
CONDITIONS FOR THE EXISTENCE :

The Laplace transform dft) i.e., I: e f(t)dt exists for s > a, if

(i) f (t) is continuous
and (i) lim__ {e*f(t)} is finite.
TRANSFORMS OF ELEMENTARY FUNCTIONS :
The direct application of the definition gives the following formulae :

1
() L{1}= < (s>0)

|
o when = 0,1,2,3,.......
(2) Lt}= L
éw, otherwisg( s> 0)
S
1
(@) L{g}= (s >a)

() Lfsnat= 5. = (s>0)

(5) Li{cosat= ° = (5>0)

6) Lisinhat= 5= (s> )

s? —



S
(7) Licoshat=5—— (s>h)
PROOFS:

e

P 1
L{} = (1. dt= S
1 LE ! < ifs>0

0

() LAt} Ie_Stt dt= Ie E _Sp on putting st = p

1
= e’ p'd
SMJO' p"dp

F(n+1)

yifn>-1lands>0

n!
If n is a positive integeE)(n + 1) = n!. Thereforel{t} = Py ifs>0

e—(s—a)t @ 1

_(S_a)‘o - s— a’' Ifs >a

3) L{e’} =J'e_s.t e dt=I g2 dedt=
0 0

—st ®

. a .
P (- ssin at- acosa\{) = o >, ifs>0
0

(4) L{sinat}= Ie_Stsin atdt=
0

Y]

¢ scosatr asinat{) -

—St

p -st | € .
(5) L{cosat}:JO’e cosat dt=| 5~ e ifs>0
s s et —-eg?
(6) L{sinhat}= J'e ‘sinhat dt= J’e tDTEdt

10 sty (o U 101 10 a
==fe dt-f e 3t'dq== -
2% ‘([ E 2f5-a s+ F- ors>#

P e +e®0, 10 _ ” 0
st st — (s-a)t (stat
(7) L{coshat} = J’e coshatdt—J’e [172 Edt de dt+Ie d%
101 10

s
_ZEE a st & & — 2 fors>#l



PROPERTIES OF LAPLACE TRANSFORMS :

1. LINEARITY PROPERTY :
If &, b, ¢ be any constants and f, g, h any functions of t, then

L{af (t) + bg(t) — ch(t) } =aL {f(t)} + bL {g(t)} — cL {h(t)}
By definition,

L.H.s = [e"[af()+bd )~ clf)] dt

:a]ie‘st f(1) dt+ tiie‘st g} dt } e )t dt

=aL {f()} + bL {g(1)} - cL{h(D)}
Il.  FIRST SHIFTING PROPERTY :

If L {f(t)} = f(s),then
L{etf(t)} = f(s-a)
By definition,

L{e™ f( D} :}e‘steat 6 )t dt=} &)t dt

=[e" f(Odt, wherer=s-a=T(r)=F(s-a).
0
APPLICATION OF FIRST SHIFTING PROPERTY :

1
1) Yel= o a

n!
(2) L{ett}= W whenn=1, 2, 3,.........

b
(3) L{etsinbt}= (s—a)—2+b2

s-a
(4) L{e*cos bt} :(S_a)—z_bz
b
(5) L{e*sin h bt} :(S_a)—z_bz

s-a
(6) L{e*cosh bt} :(S_a)—z_bz

where in each casea



[ll. CHANGE OF SCALE PROPERTY :

IfL{f(t)}= f(s),then

1-0s0O
L {f (at)} = ng;E.

By definition,

L{f(ag} =[e™ (&t dt

. du du
=(e su/af u) — _ _ud
_! (u) 3 [putat = u dt =—
1% _ 1-0s0
==fe*"*f(y==f
a!’ (W== Hab
Example -3 :
Find the Laplace transform ef (3t— cos4t).
Solution :

L{ e*(3t° — cos 4t)}
= 3L{e*t5} — L{ e*cos 4t}

ap. 5L 52 _ 360 _ s-2
(5-2)° (s—2P+# (s-2)° £-4s+20

Example — 4 :

Find the laplace transform efsir? 3t
Solution :

We have

s O 18

+6°H q2+36) s

. 1 1
L{sin23t} = > L {1 -cos 6t}:§%‘ 2

Example — 5:
Find the laplace transform efsin 5t sin 3t.
Solution :

1
We have, L{sin 5t sin 3t} = L{cos2t — cos8t}

J1l0s s O 805 _gg
22 +22 2+8H (S+4)(S+64)

By first shifting property, we get




L{ e®sin 5t sin 3t}= f(s+3

_ 30(s+ 3)
{(s+3)* +4H{( s13) * +64}

_ 30(s+ 3)
{s*+6 s+13}{ €46 st73}

Example — 6 :
Find the laplace transform ef (24t - 3/4/t)

Solution :
We have
1 15 r +l r +l
L{2t =3/+/t} =2L§5%—3L%? Bé E Er d
B8 0O 1 —t
s s
10 D1D
2
20, EEE_ﬁ—Si—f()
f 2 s
252 32 S

By first shifting property, we get
L{e? (2ﬁ—3/ﬁ) = f(s+2)

_Vn s m an
. m_(S'FZ)\/STZ Jst2

(s+2)
Example — 7 :
[sinat[] [sint ] 010
Find LD—D given thatk G——[=tan
t Ot O

Solution :

Given that LEF!E—L f(t)) = tan™ —f(S)

iven that, H H= LT} HgH

By change of scale property, we get
Let L[tsmat% _1fDSD —1tan1D 1 E 1
@ = =Har g af 2" Heag an

-1 Jal]
5

EB nat D _1 [a
Therefore, L D— B—E



LAPLACE TRANSFORMS OF DERIVATIVES :
(1) f’(t) be continuous and f)} = f(s), then L '(t))} = sf(9 - f(0).

Proof : We have

L{ f(D)} = f: e f( ) dt

=l f(t)[ —I:(—s)e-st. f(1) dt
Now assuming f(t) be such that limee='f(t) = 0, we have
L{ f (D} =-f0) + SI: e { } dt

Thus, L{ ()} =s f- {0)
(2) If f7 (t) and its first (n — 1) derivatives be continuous, then

L{f (D} =s" {3-S7¢0) - $2 {0) —........ - f1(0)
Thus,

L{ (9} =s*1 $ - sf0) - 10)
L{f"(9} =5’ 3 - S €0) - s(0) - f(0)
L{EY(9} =s'( 3 - S ) - $ {0) - sK0) - 1(0)

and so on.
Laplace transforms of integrals :

If L{f(0} = 7 3, then L@t € ) di=2 s
E S

Proof :
Let ®t) = [ f(u)du, theng(t) = () andg(0)=0
0

+ L{0'} = s)(9-9(0)
or L{f(®}= sy(9
or T(9)=5K9

1-—

or ®s)==f(9

v |

(9.

Hence,l-{j; f(U)dU} zé



Multiplication By t ":
If L{f(t)}= f(s),then

n

Lt f(D)} = (~1)° ; - (9B wheren=1,2,3.....

Division By t :
If  L{f(t)}= f(s),then

Ao =7
L0 f (t)E: |, 1(9)ds, provided the integral exists.

Example -8 :
Find the laplace transforms of
(1) tsin at
(2) t cos at

Solution :

a
(1) We have, L {sirat} = e

a
. -2as U
s Litsinat=" dsBszTH: WD
2as
Hence {t sinat} = m

s
(2) We have, L{cosi} = 5 —

_dOo s 0O O+ &-230
O L{tcosat} SB§TH= EWD

2 2
Hence, L {t cosat} = m
Example — 9 :
Find the laplace transforms éfdos at.
Solution :

We have, L {cosat} = 5

s+ &

2dDS

0 L{t?cosat} = (- § 2 ESZTE



dia-¢ O

“asH2+ 3)°H

_—2s(S+ &)*-2(&- $)2¢ &+ &)

(SZ + aZ) 4

_-2s($+ &)+ 4§~ &) _25(S -3d)

(SZ + a2)3 (52 + a2)3

Example — 10 :

) -at __ e—bt
Find the laplace transforms é?%)

Solution :

1 1
We have, L g2 —e™}= (s+9) _(s+ B

E(‘at eb‘)g_ O 1 1 0,
R LGN

= Hog (s+ a)—log( s+ t)gfo

B 3f

:|ogDS+a[Iﬁo = = -7
Hs+ bBﬂ ¥+ o 3H
=logl- Iogﬁssi—;%

“log +al_ |, DS+ b
B oF *%Hsr o
Example — 11 :
. . [e* —cosbt
Find the inverse Laplace transform%%
Solution :

Eb‘“—cosbt% °01 s 0
We have, LDB J’Es: 2 +b2Ed




00

= @og(s— a)- 1Iog(§ + 6)50
)

——@Iog s-a)- Iog(§+ i3

0 — 5\ [
-1 Hogl- IogE(S a) %
g

INVERSE LAPLACE TRANSFORMS :
We know that if f (t)} = f (s), then E2{ f (s)} =f (1)
Let us now determine the inverse Laplace transforms of some given function of s.

L0
1) L=l
(1) 0
L0110 .
@ Y
[Is—a[]
,01g tt
L™ = n=12,3,.reeun....
N e ]
at ¢n-1
@ Uil =123
Os-a"g (n-1)!
L‘ljjil ;—}sinat
(5) s*+a’[] a
L—l:l 1 ;_
(6) :5172 ppii cosat
40 1 0O 1.
L™ i———[==sinhat
(7) °-a’0 a




| L E’s%az@: coshat

L0 1 01
(9) L WE—Be S|nbt

L™ ELE— e™ cosbt
10) = Hs-a7+1¢g

L—l |:| |:|_
(12) E(sz + aZ)ZE 2

1, .
2 (sinat-atcosat)

INVERSE LAPLACE TRANSFORMS BY THE METHOD OF PARTIAL FRACTIONS :

We have seen that £{t)} in many cases, is a rational algebraic function of s. Hence to find
the inverse laplace transforms 6fs), we first express the given function of s imgartial
fractions which will, then, be recognizable as one of the above mentioned standard forms.

Example — 12:
_ _ S?+5+2
Find the inverse laplace transform L (s-3)°
Solution :
Suppose that,
S+ s+2 A B C
= + ..(1)

(s+1?(s-3) (s+1) (s 17 * (s 3)

Multiplying both sides of (1) by (s +4(s — 3), we get
f+s+2=A(s+1)(s=-3)+B(s—-3)+C(s+1) ..(2
Puttings =-1

= 4B>B=-
=— — B = 5

Puttings =3

7
14=16C=> C = 3
Equating co-efficient of’swe get

1
1=A+C:>A=1—C:>A:§



Putting the values of A, B, C in (1) we get

s+st2 1.1 1.1 7.1
(s+1)?(s-3) 8 (st1) 2 (s+1f 8 (s 3)

L_lD S?+s+2 D
[(s+1) (s— 3)D

_1-f1 01,001 07,0 10
8 [QOs+hg 2 D(S+1)2D 8 [O(s-3n

-letletwle

2

Example — 13 :

S
Find the inverse laplace transforms pf_ 2) (£ +09)

Solution :
Suppose that,

S _ A N Bst C
(5-2)(£+9) 52 2+9 (1)
Multiplying both sides by (s — 2){s 9), we get
S=A(E+9)+(Bs+C)(s—-2) ..(2)

2
Puttings=2,2=13A> A= 13

9
Puttings=0,0=9A - Z@C—13

Equating co-efficient of’swe get

2
0=A+B=B= 13

Putting the values of A, B, C in (1), we get
S =£ 1 2 S +—9D 1
(s-2)(§+9) 13 =2 13 3+ 9) 13 6+ 9)

L4 S il
Hs-2) (2+9)1

_2L_1D1E_2L_1D s 0,940 10
13 DsB 20 13 DD(§+9)] 13 DD§ %

=£e2t —30053+—3 sin3.
13 13 13



OTHER METHODS OF FINDING INVERSE LAPLACE TRANSFORMS :
()  SHIFTING PROPERTY :
IfL2{f (X)}=f(t), then
LA{f(s-a}=ef@t)=e L {f (s)}

(I FL*{ ()} =F() andf (0) =0, then L-1 {s (s)} = d f(t).

In general, L-1 {&f (s)} = gt: {f (0},

Providedf (0) =f (0) = ... ... ... £-1(0) = 0.
() IFL{F (s)}=f(t), then I:@@%zj’éf(t)dt

(V) IFL2{ T ()} =f (1), then tf (t) = L—lD'ddS{f_(S)}g

(V) Iff(t)=L"{F(s)} then LD—D—j f(s)ds,

This formula is useful in findin§(t) when f (s) is given.
Example — 14 :

P

g
E.

Find the inverse Laplace transform of

Solution :

Let L1 %an‘1 E% %z f(t)

= L{f@t)= tarrlég% f(s)

Then by formula IV we get,

L{t. f(t)}= —di Ean‘lmm

0 D&zm

B A+(2/s) QBS_H




02 [O_ ..
=11 =sin2
= tf@{t)=L %m%

sinz
t

= f(t)=

sinZ

_l %a %: _
Example — 16 :

. . 0s o0
Find the inverse Laplace transform of ngTlE

Solution :

s
Let L—l@ogﬁs—ﬂ%—f t
= L{t®}=log fysfr (9

Then by formula IV we get,

L{t. f(t)}= —dia —3 ogs- log( s+ J)H

Example — 17 :

. . 1
Find the inverse Laplace transformgfm.

Solution :
We have
L‘la 1 % sin at =f (t).

Hs'+a)g a



Then by Formula Il we get,

_ H 1 E 1 ) 1- cost
L'0———1= J’smatdt—— — Ccosat >
=(3-4)g a <R

Thus we have,

:%(at—sinat) )

Example — 18 :
) ) 1
Find the inverse Laplace transform-ef——.
P s°(s+5)
Solution :
201 0
D—D— = f(t).
We have,L Fs+5H ()

Then by Formula 111, we get

_ 1 _
' - e Hdt
5(5+5)8 SIEF °8

_1E 1 @ —5t 1 alj__} 58 _1 -
G S

Thus we have,

28 1 B 1la, 4
LWE < JoBe et

—5t

i
i

1
5



:Eé+&e‘5t __1|:|
58 5 5H

1
= — [ +5t-
s tf H
Example — 19 :

2

Find the inverse Laplace transform 3
s+ az)

Solution :
We have,

L ngz—tsinatz f(t)

Sincef (0) = 0, we get from Formula Il that,

_E s? H _H s H d
L™ ;=L B ——— 0= Bf ()8
ds+«)g g(g+4)g &

=£D1 tsinatD
dt a H

=1 (sinat + at cosat)
2a '

Example —20 :
Find the inverse Laplace transformof_S*3
(2 +65+13
Solution :
We have, s+3 s+3 s+ 3

(52 +6s+13)2 i Hsz +65+ 9)+ Ag i gs+3)2 +4E2

Then by formula | we get

1 5, .
=Ze
2 - t sin 2t.



Example — 21 :

Find the inverse Laplace transformzafi).
g+

Solution :

, ]
Let,f(t) =L WD

Then by formula V we get

S 1 - 2s

Of (t)0 « — o
LE_D f( )dS_L —(SZ+ a2) ds=§J'S —(SZ+ a2)2 ds
o1 O
2B+ 2H
.11
)
f(t) 1,8 1 H
T_ELlE(Disz+a2)E__smat

Hencef (t) =L

LAPLACE TRANSFORM METHOD TO SOLVE LINEAR DIFFERENTIAL
EQUATIONS WITH CONSTANT COEFFICIENTS ASSOCIATED WITH INITIAL

CONDITIONS :
Linear differential equations with constant coefficients associated with initial conditions
can be easily solved by Laplace transform method.
Working Procedure :
Step - 1: Take the Laplace transform of both sides of the differential equation and then put the
given initial conditions.
Step - 2 : Transpose the terms with minus signs to the right.
Step - 3: Divide by the co-efficient ofy , gettingy as a known function of s.

Step - 5: Resolve this function of s into partial fractions.
Step — 5 : Take the inverse Laplace transform of both sides. This gives y as a function of t
which is the desired solution satisfying the given conditions.



Example — 22 :
Solve the following equation by transform method;
y” =3y + 2y =€e* wheny (0) =1and’¢0) = 0.
Solution :
We have, §— 3y +2y =¢* (1)
Taking Laplace transform of both sides of (1), we get
L{y"=3L{y}t+2L{y}=L{ €%

= [ -5y (0) - KO -3[sy —y (O] + 25 ==
Putting y (0) = 1 and"({0) = 0, we get

1
y-s—-3y +3+2y = —

s-3
2
S y(s2 —3s+2)=  +s—3=2073
s-3
__  §-6s+10
— Y (s-3)($-3s+2)
o s’ -6s+10
= Y (5-3)(s-1)(s 2 -(2)
£-6s¢410 _ A . B C

Let (s=3)(s-1)(s-2) &3 s1 s2
Multiplying both sides of (3) by (s =3) (s — 1) (s — 2), we get
$£-6s+10=A(s-1)(s-2)+B(s-3)(s—2)+C(s—3)(s-1)

. 5
Puttings=1,B =

Puttings=2,C=-2

. 1
Puttings =3, A =

Substituting the values of A, B, C in (3), we get
y :l 1 +§ 1 -2 1
2(s-3 2(s-) (s 2
Taking inverse Laplace transform of both sides, we get

ye 101054010010
L =S o L2 U —n
2 [d-30 2 [Os-10 Os- 2]

y=tg 124 28
2 2

This is the required solution.

(4)



Example — 23 :

Solve the following equation by transform method;

(D? +w?) y = cosmt, t > 0, giventhaty=0and Dy =0att=0
Solution :

We have

(D? +0?) y = cosmt

i.e., Y’ +w? = coswt, giveny (0) =¥0) =0

Taking Laplace transform of both sides of (1), we get

L{y”} + o’L{y} =L {cos ot}

S
= &y —sy(0)—¥%0) +w2y = Zror

+o

Putting (0) = 0 and’y(0) = 0, we get

(f+w)=

<

s +w
o s
= V=, e -(2)
(s°+o")
Taking inverse Laplace transform, we get

S
2
(8"+)

LYy L=

1 .
y= Z—w.tsmwt

This is the required solution.

Assignment

1. Find the Laplace transforms of the following :

(a) {J%ﬂt} (b) L {j e'cost dt}

0

2. Find the Laplace Transform of f(t) in each of the following :

sin2t, when O< t< Tt 1, when 0< t< 2
(@ f(t) = 0, whent>m (@ f(H= t, whent>2
3. Obtain the inverse Laplace transforms ofthe following functions

25’ —6s+ 5 as-24d)

@ $eg+11s6 ®) “diaa
S 1+s

© Fiesris (@ log (T)

O 0 3d



FOURIER SERIES

Periodic Functions :

If the value of each ordinaté) repeat it self at equal interval in the abscissa, then f(t) is
said to be a periodic function.

If f(t)=Ff(t+T)=f(t+2T)=....., then
T is called period of the functiof(t).
For example

sinx = sin & + 2t) = sin k + 4m) =......
So sinx is called a periodic function of period 2

V(1)

Founier Series :
A series of sines and cosines of an angle and its multiple of the form

%+a1cosx+a2 COSX+ ..+ @ COosXr ..

+bsinx+ b, sin2x+ ...+ ) sinnx+ ...

=%, Zan cosnx+z1 h sinnx
n=. n=

is called a fouries series, theroean & bn are called fourier constants
Useful Integrals
The following integrals are usful in Fourier series :

1. I:msinnx dx=0 2. I cosnx dx=0



o +2TC

. 9 a+2T1
3. I sin? nxdx= 1t 4.I co< nxdx=Tt
a a
O+2T0 | . O+2T
5. I sinnx.sinmxdx= 0 6.I cosnx.cosnxdx= 0
a a

o421 o+21
7. I sinnx.cosmxdx= 0 8.J’ sinnx.cosnxdx= 0
a a

9. Iuvzuq—U\ﬁug— ...........

WhereVl =J-VdX v ZI \{d),( y:J’ y dxu’ :%, U = d’u

o Tae &

10. sinmt=0 & cos m = (—x) where ne |

Letf(x) be represented in the intervel (. + 27t) by fourier series

f(x):%+iancosnx+i R sinnx ..(1)
=1

X =1
To find a; :
Integrate both sides of equation (1) faxm o tox=A + 2t. Then

a+2m 1 o+2m a+2n[]2 [ a+2m[ ]2 . O
L f(x)dx:E qL dx+L ﬁzl gcos nﬂ d)&J’a ﬁzlbnsmandx

1
=an(a+2n—0()+0+0 =am

1 a+2n
Hencea, ZEL ’ f(x) dx

To find a : Muliply cosnx a both sides of equation (1) and integrate from2 tox =2 +
2R, Then

a+21

I " £ (x) cosnxdx= 1 a, I:+2ncosnxdx+fa

ad 0
. 5 %Z & COSMXcogxdx

a+2n[ ]2 . O
[, %ansm NXpcomxdx= 0 +na, + 0
+ 1 cx+2nf(x)cosnxdx
a, EIG

To find b : Multiply sin nxon both sides of equation (1) and intergrate from
X=m tox=m+ 21, then

J’mn f (X)sinnxdx= % J'msin nxdx+
a 2 )2

a+2m[ 2 O . a+2m[ ]2 . 0.
J’a ELZ\% cosansmnxdx+J’a ELZ‘bnsm ansm nxdx=0 + 0 +nb_



Henceb, = EIMH f (X)sin nxdx
T[ (o}

Making o = 0, the interval becomes Ox<n and the formula (1) reduces to

_]_ 21
aO—EJ‘O f(X) dx

OO

1 . (ii)
a, —HIO f(x)cosnxd%

b, =L " f(xsinnxd
n—;[J’O (X)sin nxdx

Puttingo. = —mt, The interval becomesn< x <m, the formula (1)
reduces to

_1n
ao—ﬁj_nf(x)dx

SOoooo

1 .n
a,=—[ f(x)cosnxd
"I_" ...(iiN)

[

b, :EJ’H f (x)sin nxdx
T[ T

Euler's Formula :
The fourier series for the functid(x) in the intervalt < x <m + 2rn is given by

£ (%) =%+ “Zan cosnx+2 b sinnx

1 _a+2m
Whereao=EL ’ f(x) dx

1 _a+2m
== f
a, T[J-“ (X) cosnxdx

1 a+2m .
=—J‘ f (X) sin nxdx
Tt a

n

The value o, a, & b are known.
Euler’s formula.
Example — 1:
Given thatf(x) = x + X2 for —mt < x <m, find the Fourier expansion &k). Hence that

w_, 1,11

4+ =
6 2 F F



Solution :

Letx + X2 = %+a1cosx+ a, COSX+ ...
+b sinx + bsinx + ...... ..(1)

2 sﬁ[
——I f(x)dx——I (x+ %)dx——ék?+zg

D'-[2+
I ar)

oo|=L,
N|=k

s
3

w\ﬁ,

:||I—‘

0
0
U

_1 T 1 Tt
a, _EI—nf(X) cosnxdx= ﬁf—n( X+ X )cos nxdx

1 sinnx (—cosnx) . _ 0 sinnxcEl
-?[@sz) ()t *20—s

T

1@2 1) cosnn ( 2n+]) cosfnn)D

H

:I

10 osm_ 4.¢ 1)
——g,TIDC 3 E_ XZ

=£In (x+ ) sin nxdx
T[ -T

n

1 CosNX sinnx[J . cosnx(
-—ax+x2)EI7 (2x+1)[l§x2 25

Tt

_10 osnx cosxd cosnx  2cosmi]
—I—TH(THT[Z) JC—X 205 B+(—n+n2) ¢ b

_loren cosnnD:_—2 €1
nHn H n-
Substituting the values af, a, & b, is equation (1)

x+x2:i+4D COSX+ — L COS X— -1 cos &+
3 H 22

F

o . 1 . 1 . O
-2 TSinX+—=sin 2t—= sin&+ ...
H’ 5 3 T ..(2)

Put x =7 in equation (2)



™ 1 1 1 U
+TC=—+4d+ S+ —+—+...
I 3 é Ztzt g ..(3)
Putx = —m in equation (2)

, ™ 4 1 1 1 0
T+ T :€+ Q+?+?+?+ ..... H (4)

Adding equation (3) & (4)

—_— +—+ + ...

3 22 F P H
™® 1 1 1 ° 1
— =l S+ =\ =
6 2 2 fF nlez

Dirchelet’s Condition :

Any functionf(x) can be developed as a fourier se%eszl% cosnx +Zlbn sinnx

wherea,, a, b are constants provided.

() f(x) is periodic, single valued and finite

(i) f(xX) has a finite no.of discontinuities in any one period
(i) f(x) has at most a finite no.of maxima and minima.

Discontinuous Functions : At a point of discontinuty, Fourier series gives the value of
f(x) as the arithmetic mean of left and right limits.

At a point of discontinutyx = ¢
f(x)=%[ f(c-0)+ f(c+0)

Example — 2 :
Find the fourier series expansion for

T, —TI<X<O0

F f0=0
f(x), if _EP@ 0< X< 1T

1 1 1 T2
Deduce that + = +—= +....=—

? 2 B 8
Solution :

00

Let f(x) =22+ ian cosmi 3 sinnx...(1)
Z = =



then a, =% B’_On(—n) dx+ IOT[ xdx%

== x ? +0-—00==gr+—n=-"
HE{}” DZQJE T 20 2
1 D°
a,== (—n)cosnxdx+J’ xcosnxd}g
LYEH O
U
zlg . %gnnxmo S, cosn)dT
T g x X Q,E
_1g 1
—?[@) cosm - ZH: [cosnn 1]

_ =2 _ _ -2 . _
%—E,az—o,as—ﬁ,all—o

1P . o 0]
, = —Of (-19).sinnxdx+ [ xsin nxdx]
Tt

[l
10cosx]  [x.cosx  simx]O
_1greon 0 +—H0
mEl o x O, O X X 0F

l1 2COTT)

X

10t O

== 1-cosm)—— com
= Bl1- cosm) - cosm_=
-1

Dble——b31b-z

Substituting the values of a’'s and b’s in equation (1), we get

-Tt cos3( 0055 O
f(x)=———g:osx = g
+3sinx— sin2x., 3% —_—)!

Puttingx =0 in equation (i)

4 32 52
Now f(X) is discontinuous at=0
Butf(0-0)=-x andf (0+0)=0

f(O)—— - ....ooE ...(ii)

0 f(0)=%[f(0— 0)+ f (0+ 0] ="



From equation (iii)

_n_-m_ 2 1.1,

2 4 nHE ¥ %
o Folill,

ST mt gt

Ex. (i) >, x4%,....... even powers. af

(i) cosx, secx etc.

The graph of such a function is symmetrical with respect to y-axis. Here y-axis is a

mirror for the reflection of the curve

/\y

) /I

> X

O\

N

The area under such a curve fromter is double the area from 010

O J’ f (x)dx= 2]’ £(X) dx

Odd function : A functionf(x) is called odd (skew symmetric) functiorf(#x) = —f(x)

Ex. (1) 3 x5 X,...... odd powers i
(i) sinx, cose, tarx etc

VA

Here the area under the curve frem tom is zero

ie., } f(xX)dx=0



Expansion of an Even Function :

_1 m _ m
aO—T[J'_nf(x)dx 2J'0 f( X dx

1 2 n
a, —EJ'_H f(X).cosnxdx= T[J'O f (x) cosnxdx
As f(x) and connx both are even, the produdi(fcosnx is also even.
b, :EIH f(X)sinnxdx=0
T[ -

As sin nx is an odd function. The product of an even function with odd function is odd.
therefor we need not calculate b

The serives of an even function contain cosine terms only.
Expansion of an odd Function :

_1l.m _
a, = T[I_n f(x) dx=0
1 .=
a, :EL{ f(x).cosnx dx= 0 (- f (x) . cosnx is odd function)

_1 . _2 .
b, —EJ'_H f (X).sinnx dx—EJ'0 f (x).sinnx dx

(- f(X).simxis even function)
The series of an odd function contain sine terms only.
Example — 3 :
Obtain a founier expansion of fifx) =x3. in T <x<m
Solution :
f(x) =x@is an odd function.
~a=0anda =0

2 . 2.,
b, = nJ'o @ X).sin nxdx= nIo X .sin nxdx

2 — CONX — sinnx CONX sim
== é@. -3x2 +b - xd
T

X e X6




O 60
=2.(- —
( )m— <M
- 60, 0-® 60 - 60
X3_2[[D—+ 3[slnx+[1—+ BIN2X-F—+—=sin&X+ ...
ml 20 03 30

Half Range Series :

To obtain a Fourier expansion of a functf¢x) for the range (0r) which is half the period
of the fourier series. As it is immateriad what ever the function many be outside the range
0 <x<m, we extend the function to cover the range<x <. So that the new function

may be even or odd. The fourier expansion of such function of half the period consists sine
or cosire term only.

Sine Series :

If it is required to expan{{x) as a sine aeries in Oxx © me extend the function to the
range ® <X <m, so that if will be an odd function.

The desired half-range sin series is given by

f(x):it%sinnx

whereb, = EJ']T f (X) sin nxdx
Tt 0

Cosine Series :

If its is required to expani@x) as a cosine series in X< m, We extend the function to the
range & < X <m, so that if will be an even function.

The desired half — range cosine series is given by

&,
f(x) > +n§: a, cosnx
_2.
where &, —;[J'o f(X) dx

_2.n
a, _EIO f (X) cosnxdx

Example — 4 :
Find the half - range sine series for the funcf(@h=e* for 0 <x<m
Solution :

f(x):ik%sinnx

2 . 2 T o
whereb, _T_'[-IO f (Xx)sin nxdx= EIO e sin nx dx



2 |:| eax .
= — G5 —— (asinnx—- ncosnx
T[g +N 0

ED e” (asinnm— ncosnt }+ -
- Tt 2 i 2 2+ nz%
2
“wal+n +n2a_( e+ 15
(a +n)T[E- ( 1) eana
o = 204€7) | 220 ")
@+’ (@ +2°)mn
e =2 e g x+2(_—)sm 3t D
n%%lz a’+2? E
Assignment

Find a fourier series to represehfx) = 1— x, 0< x< 21t

Find a fourier series to represent the function
f(x) =€ for—m <x<m

B—l, for —I<x< L
2

Find the fourier series of the functiof(x) = E) for —g< X<g

Eﬂ, for 1—2T<x<n

Tt
4, o<t
Represent the following function by a fourier sine seffi¢g = 2
' Teien
2" 2

é, for O<x< n
Find the fourier cosine series for the functip(x) = 2

T
g), for —<x<Tr
2
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FINITE DIFFERENCE AND INTERPOLATION

Finite Difference :
Suppose we are given the following values offy(x) for a set of valuek :

X XXX e X,

Y Yy Yy Y, e Y,

The interpolation is the technigue of estimating the value of a function for any intermediate
value of the independent variable. While the process of computing the value of the function
outside the given range is calle extrapolation.

Suppose that the function yfx) is tabulated for the equally spaced valaesx, x; + h,
X,*2h, ... X, +nhgivingy=y,y, ....... y. To determine the valuesfd) for some intermediate
values ofx, the following two types of difference are found useful.

Forward diference - The differences
A yo = yl - yo
A y]_ = yz - y]_
A Yoo 1Y Y
Similarly Ay, =Ay, —Ay,
A3y1 :Azy1 —Azy1
Anyo - An—l 1 _An—l 0
Forward diference table

Value ofx | Value of y| 1stdiff. | 2nd diff.| 3rd diff. 4th diff{  5th diff
% Yo AY,
X, +h Y, Ay, Ay,
X, + 2h Y, Ay, A%y, Ay,
X, +3h Y, Ay, Ay, Ay, AYy,
X, + 4h Y, Ay, Ay, Ay, Ay, IS
X, + 5h A




Backward diference

vy]_: y]_ - yo
vy]_: y1 - yo

vnyn = vn_lyr‘l_ vn_lyr‘l—l
Backward diference table

Value ofx | Value ofy | 1stdiff. | 2nd diff. | 3rd diff. 4th diff. |  5th diff.
X, Yo AY,
X+ h Y% Ay, | Ay,
X, +2h Y, Ay, A%y, Ay,
X, + 3h Y, Ay, Ay, Ay, Ay,
X, + 4h Y, Ay, Ay, Ay, Ay, Ay,
X, + 5h A

Differences of a polynomial

We know that the expression of the fdi(x) =a x" +ax" '+ ..... +a_X+a where a’s are
constantg # 0) and n is a positive integer is called a polynomialaf degree n.

Theorem :

The T difference is a polynomial of degree n is of degree n — 1,"trdifference is of
degree n — 2, and the nth difference is constant. While higher difference are equal to zero.

The converse of the theorem is alos true which stated thadifference of a function
tabulated at equally spaced intervals are constant, the function is a polynomial of degree n.

Example — 1:
Form the successive forward differencesusf the interval being h.
Solution :
Here y =f(x) =ax
We know that
Ay, =Y, =Y, =f(x + h) —f(x)
S A (@) =a(x—hp—ax
=a(x®+ 3*h + 3ght + ¥) —ax
=a (3¢h + Xh? + I¥)
Again, A%y =Ay, —Ay,
s A%(@®) =a{3 (x+ hph + 3k + h)i¥ + h*} — a (3%*h + Xh? + I¥)
=a{3x?h + 6<h? + 3K + 3xh? + 3k + h* — 3¢h — Xh? — K} = a {6xh? + 61}



Ny, = Ay, = Ay,
oA (@) =a{6(x + h) ¥ + 6} — a {6xh? + 6K}
=a{6xh*+ 61 + 61 — 6xh*— 61} = 6ah® = Constant
and A%y = Al = Ay,
oA a®) =6Gahi-6h*=0
Here it shows that the the third differences of a polynomial of third degree is constant &
the higher difference & are zero.
Factorial Notation

A product of the fornkx(x — 1) K — 2) ........ X—r+ 1) is devoted by]" and is called a
factorial.

In particular
[X] =X, [X]2 =x(x—1)
[X°=x(x-1) k-2)
X"=x(XxX-1)&k-2) ...... Xx—-n+1)
which is called a factorial polynomial or function.

The factorial notation is of special utility in the theory of first differences. It helps in
finding the successive differences of a polynomials directly by simply rule of differentiation.

The result of differentiatingq]" is similar to that of differentiaf’.

Example — 2 :
Estimate the missing term in the following table :
X 0 1 2| 3| 4
f(x) 1 3 91 8| 1
Solution :
Let the missing term by, yThe following is the difference table.
X y A A? A3 A*
0 1
1 3 2 4 y—19
2 9 6 y,— 15 124 — 4y
3 A y,—9 81-2y+9  105-3y

4 81 81—¥

As only four entries y y,, y,, ¥, are given, the function y can be represented by a third
degree polynomial, heré'érder difference becomes zero, i.e.,

124 -4y =0
= y,=31
Hence the missing term is 31.



Example — 3 :
Estimate the missing term in the following table :

X 0 1 2 3 4 5 6
y 5 11 22 40 -- 140 --
Solution :

Let the missing term by, & y,. The following is the difference table.

X : y: A A? A3 A? AS

0 5

1 11 6 5

2 22 11 7 2 y— 67

3 40 18 y,— 40 y,— 58 303 — 4y 370 - 5y

4 Y, y,—40 180 — 3y 238 — 3y, y,+ 6y,— y,+10y,—1001
5 140 140-y y,+y,— Y, +3y,—460 698

6 y, Yy,—140 280

As only four entries y y,, ¥,, ¥, ¥, are given, the function y can be represented by a 4
degree polynomial & hencé dlifference becomes zero, i.e.,

370-5y=0 and y+10y,—1001=0
Solving these, we get
y,=74 and y=261

Newton’s Forward interpolation formula for equal intervals

Let the function y #(x) takes the valuesyy,, ¥,.......... corresponding to the values
X, X, + h, X, + 2h ofx.

FOo+nh =+ M*n(g 2a 36*%@_2)

Obs. This formula is used for interpolating the values of y near the beginning of a set of tabulated
values and exterpolating values of y a little backward (i.e. to the leff) of y

Newton’s backward interpolation formula for equal intervals

A% g+

Let the function y #(x) takes the valuesyy,, ,........ corresponding to the values
X, X, + h,x, + 2h ofx.

FOG+nh) =y + Aly+

n(r; 1) }{+—n(n+1)(n+2)D3 Yt......

3!

Obs. This formula is used for interpolating the values of y near the beginning of a set of tabulated
values and exterpolating values of y a little backward (i.e. to the right) of y



Example — 4 :
The table gives the distances in nautical miles of the visible horizon for the given heights
in feet above the earth’s surface.

x = height 100 150( 200 250 30( 350 40P
y=distancq 10.63 13.08 15.04 16.81 18j42 1990 21.27
Find the values of y when ()= 218 ft.

Solution :
The difference table is as under :
X y A A? A? A?

100 10.63
2.40

150 13.03 -0.39
2.01 0.15

200 15.04 -0.24 - 0.07
1.77 0.08

250 16.81 -0.16 - 0.05
1.61 0.03

300 18.42 -0.13 -0.01
1.48 0.02

350 19.90 -0.11
1.37

400 21.27

(i) If we takex, =200, then y= 15.04 Ay, = 1.77 A%y, = -0.16 A’y = 0.03 etc.

Since x = 218 and h = 50, n—T=—:O.36

.. Using Newton'’s forward interpolation formula, we get

n(n-1) , n(n-1)(n-2) ,
A A%y +
1.2 Yo 1.2.3 X

Yo18= Yot MY,+

036+ €064 g 16, 0-36¢ 0640 164} o),

f (218) = 15.04 + 0.36(1.77)

(i) Sincex=410is near the end of the table, we use Newton’s backward interpolation formula.

. taking X, =400,n= T 5o 0.2

Using the line of backward differences
Y =21.27V% =-0.11V%y =0.02 etc.



.. Newton’s backward formula gives

n(n+l) _, n(n+1) (n+2) 5
Ya10™ Yaoo ¥ VY00 * 2 H Y00+ 1.2.3 -

=21.27 + 0.2(1.37) +(—)( —0.11)+ ...= 21.53autical miles.

Example - 5:
Find the number of men getting wages between Rs. 10 and 15 from the following data :
WagesinRs$. 0-10 10-20 20-B0 30-40
Frequency 9 30 35 42
Solution :

First we prepare the cumulative frequency table, as follows :
Wages less thax)(| 10 [ 20| 30| 40

No.of men (y) 9 39 74| 116
Now the difference table is
X y A A? A
El
20 | 39
35
30 74 7
42
40 116

We shall find y, i.e. number of men getting wages less than 15.
Takingx, = 10,x = 15, we have

X—% _15-10_ 5

h 10 10

. using Newton'’s forward interpolation formula, we get

n(n-1 n(n-1)(n—2
Yis = Yot MYt (2| )AZ Mo"’%()As Yio

n= =0.5

=9+ (0.5)x 30+

(05) (05 1), ., (0505 DO5 2,
2

=9+ 15-0.625 + 0.125 = 23.5 = 24 approx.
Number of men getting wages between Rs. 10 and 15 =24 — 10 = 5 approx.



Example — 6 :

Find the cubic polynomial which takes the following values :
X 0 1 2 3
f)l 1|1 2| 1] 10

Solution :
The difference table is
X f(X) Af(X) AFX A3M(X

0 1

1
1 2 -2

-1 12
2 1 10

9
3 10

x-0

We takex, =0 andD:T: X

.. using Newton’s forward interpolation formula, we get

_ X X(x=1) \2 X=X 2) 3
f(x)= f(0)+1Af (0)+ 17 A (0)+ 123 AT (0)

2 (12)

_ X(X=1) X(x=1) (x-
B o A e S A

=2¢ + 72 + 6x + 1, which is the required polynomial.

X_
To compute f(4), we take = 3,x = 4 so thatp = Tx‘ =

Using Newton’s backward interpolation formula, we get

n(n+1) n(n+1)(n+ 2)

f(4) =1(3) + VI(3) +— O%f (3)+ 0% (3)

=10+9+10+12+41

which is the same value are that obtained by substitumg in the cubic polynomial
above.

Obs. The above example shows that if a tabulated function is a polynomial, then interpolation
and extrapolation give the same values.

Lagrange’s Interpolation formula for unequal intervals :

(= (78 (2 %) X)
(X=%) (%= %)....(% = %)




_ (X %) (X= %) (X X)
(% = %) (%= %) (X = %)

Yo

(X=%) (%= %)...( %)
(% =%) (%= %) (%= %)
Lagrange’s Method for unequally spaced values of :

we V=W Y= W)y %), (Y= ¥) (Y= Y)-oeenn(y= ¥
(Yo = Y1) (Yo = Yo)-eeevne %= %) (V= Yo) (V= Yo)eeenene (%= %)

- (Y= Yo) (Y= ¥)eeene (y- ¥,)
(yn_yo)(yn_ M) """" (%_ }{,_1)

Example — 7 :

Use lagrange’s interpolation formula to find the value of y wherll O, if the following
values ofx & y are given.

Solution :

Here| x,=5| x=6| x= 9| x= 11
and | y,=12|y,= 13 y,= 14 y,= 16

Puttingx = 10 and substituting the above value in Lagrange’s formula, we get :

F(x) = (X=X)(X= %)(*x= %) | (X=%)(x= %)(x= %)
(% =%~ %)%= %) (4 =%)(%=X%)( %= %)

VA
RO YO ) (o)X x)
(%= %)%= X)(%= %) 7 (%= %) (%= X)( X%~ X)

(10-6) (10- 9) (16- 11) ,,, (10-5) (10~ 9) (10- 11) _,
(5-6) (5- 9) (5- 11) (6-5) (6- 9) (6~ 11)

Y3

f(10)=

,(10-5)(10- 6) (10- 11) |, _ (10-5) (10- 6) 16- 9) . .
(9-5) (9- 6) (9~ 11) (10-5) (11- 6) (1t 9)

_ 4AxIx(-]) w124 XX c1) 1
(=1)x (=4)x (-6) 3K €9)

L5XAXED) 4, B AL 48 -65 -280, 320
4% 3% (-2) 6x5 2 24 -15 -24 60

=2-4.33+11.66 +5.33 =14.66



Example — 8 :
Apply lagrange’s method to find the valuexoivhenf(x) = 15 from the given data.

X 5 6 9 11
f(x) | 12 | 13| 14 16

Solution :
Here
XO: 5’ Xl = 6’ X2: 9'

Y,=12, y=13, y=14, y=16
Taking y = 15 and using the above results in Lagrange’s inverse interpolation formula

x= f(x) = (y_-yl)(y-_yz)( Y‘_)é) % + (y_- yo)(y-_yz)( Y‘_)é) X
Vo=~ (%= % (M= Yo) (%= (%= ¥

y TR0 W, TR W- Y
(V2= Yo) (%= W( %= W 7 (Y= Y (V2= W( ¥~ %)

_(15-13)1(15- 14) (15 16) . (15-12)1(15- 14) (15 16),
T (13-13)(12- 14)(12 16)  (13-12) (13- 14) (13 16)
,(15-12)1(15 13) (15 16), , (15-12)115- 13) (15 14),
(14-12) (14~ 13) (14 16)  (16-12) (16~ 13) (16 16)

X I 1) ><6+3><2>< (—1)><9+ 3 2x 1><11
2x1x (-2) 4x X 2

X, =11

__ 2xIx(hH
DxE2)x 4 HEIXE3)

5 27 11
:——6"‘—"‘—4:1.25—6 +135+275=175-6=11.5

4 2
Assignment
1.  Find a cubic polynomial which takes the following values
X 0 1 2 3
f(x) 1 2 1 10

2. Given the values
X 5 7 11 13 17

y 150 392 1452 2366 5202

Evaluate yusing Lagrange’s formula.
Given sin 45° = 0.7071, sin 50° = 0.7660, sin 55° = 0.8192 and sin 60° = 0.8660. Find

sin 52° using Newton’s forward interpolation formula
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NUMERICAL SOLUTION OF EQUATION

An expression of the form

f(x) =ax"+ax" '+ ... +a _X+a
wherea, a, a,, ....... a_# 0 are constant and n is a positive integer is called a polynomial
in x of degree n.
The polynomiaf(x) =0
For example D2Z2+x-1X+6=0

2)x-4+9=0

are called algebraic equation.
Transcendental equation -

If f(xX) is a functions other than algebraic function such as trigonometric, logarithmic,
exponential etc. theffx) is called transcendental function.

Root of an equation -
The value ok which satisfied(x) = 0 is called the root of the equation.

Geometrically a root of the equatiti®r) = 0 & y = 0 is the value ofwhere the graph meet
the y-axis.

Solution of an equation -

The process of finding a root of an equation is known as the solution of an equation.
Different methods to solve the equations.

(&) Analytical method

(b) Graphical method

(c) Numerical method

Limitation of analytical method

This methods produce very exact and accurate results. But it fails in many cases such as it
fails to find roots of transcendental equation.

Limitation of graphical method -
This methods are simple but these methods produce result to a low degree accuracy.
Advantages of Numerical method —

This methods are often of a repetitive nature. These consist in repeated execution of the
same process. Where each step the result of proceeding step is used. This is known as
iteration process and is repeated till the result is obtained to a desired degree of accuracy.



The followings are some Numerical methods to find root of algebraic and transcendental
equation —

(1) Bisection method
(2) Newton — Raphson method
Bisection method :

This method consists of locating a root of the equd{)r= 0 betweera and b. Iff(x) is
continuous betweea and b, and(a) andf(b) are of opposite signs then there is a root

betweeraand b. from the grapi(a) is negative anf{b) is positive then there is a root lies
betweera and b. The first approximation to the root is

%= (a+h

Y

if f (X) = 0, thenx_ is the root of equatioffx) = 0. Otherwise the root lies betwezn

andx, orx, and b according ti§x,) is positive or negative. Then we bisect the interval and
continue the process until the root is found to desired accuracy.

In the fig.1f(x ) is +ve, so the root lies betwearandx,. Then the 2' approximation

1
to the root isX, =5(a+ X) . If f (x)) is —ve, the root lies betweemnandx,. So the third

1
approximation to the root i%; = E(Xﬁ %) and so on.
Example — 1 :
(@) Find aroot of the equation
x3 — 4x — 9 = 0 using the bisection method correct to three decimal places.
2 25 2625 275 3,
[(2)=-ve fQ5=—ve  fQIS=1ve [()=+ve

Solution :
Let fX) =x-4-9
f(2)=(2F-4(2)— 9=-9 (-ve)
f(3) = (3 —-4(3)— 9=6 (+ve)
a root lies between 2 and 3.



First approximate to the root is
X, =%(2+ 3)=25

f(x) = (2.5F — 4(2.5) - 9 = - 3.375 (-ve)
the root lies betweex) and 3. The second approximation to the root is

1 1
=Z(x,+3)==(2.5+ 3)= 2.75
5 (X +3)=( )

f(x,) = (2.75} — 4(2.75) — 9 = 0.7969 (+ve)
the root lies between 2.5 and 2.75

1
Sox, = (2.5 + 2.75) = 2.625

f(2.625) = (2.625)— 4 (2.625) — 9 = - 1.4121 (-ve)
the root lies between 2.625 and 2.75.

1
X,= - (2.625 + 2.75) = 2.6875

Repeating this process, the successive approximation are

X, = 2.71875x, = 2.70313x, = 2.71094x,= 2.70703x, = 2.70508,

X, = 2.70605x , = 2.70654x , = 2.70642. Hence the root is 2.7064.
Example — 2 :

Find the root of the equationlog,, x = 1.2 which lies between 2 and 3, using bisection
method taking 2 stages.

Solution :
Letf(x) =xlog x—1.2=2xlog2-1.2
=2x.3010-1.2=-0.5979 (-ve)
f(3) = 3 x logx—1.2 = 0.2314 (+ve)
the root lies between 2 and 3
Lol
12
f(2.5) = 2.5 (log2.5) — 1.2 = - 0.205 (-ve)
the root lies between 2.5 and 3

1
X,= (2.5 +3) = 2.75

(2+3)=2.5

Hence the root is 2.75.
Example — 3 :

1
By using the bisection method, find an approximate root of the equati(xn:s')r?, that

lies betweenx =1 andx = 1.5 (measured in radians). Carry out computations upto the 7th
stage.



Solution.
Letf(x) = xsinx— 1. We know that V = 57.3°
Since f(1)=1xsin(1)—1=sin (57.3°) -1 =-0.15849
and f(1.5) =1.5 x sin (1.5 1 = 1.5 x sin (85.95)° —1 = 0.49625;
a root lies between 1 and 1.5.

1
.~. first approximation to the root i31:§ (1 +1.5)=1.25.

Thenf(x,) = (1.25) sin (1.25) — 1 = 1.25 sin (71.625°) — 1 = 0.18627 @)k 0.
. aroot lies between 1 amng= 1.25.

1
Thus the second approximation to the rood, is > (1+1.25) = 1.125.

Thenf (x)) = 1.125 sin (1.125) — 1 = 1.125 sin (64.46)° — 1 = 0.01509 and f(1) < 0.
. aroot lies between 1 amg— 1.125.

1
Thus the third approximation to the roolx;s:E (1+1.125) = 1.0625

Then f(x,) = 1.0625 sin (1.0625) — 1 = 1.0625 sin (60.88) — 1 =-0.0718 <0
andf (x,) > 0, i.e. now the root lies betwery~ 1.0625 and,= 1.125.

1
.~. fourth approximation to the root>i§:§ (1.0625 + 1.125) = 1.09375

Thenf(x,) = —0.02836 < 0 anf(x,) > O,
i.e., the root lies betweeq = 1.09375 anat, = 1.125.

1
- fifth approximation to the root g =5 (1.09375 + 1.125) = 1.10937

Thenf (x) =—0.00664 < 0 anfi(x,) > 0.
.. the root lies betweexg: 1.10937 anakzz 1.125.
Thus the sixth approximation to the root is
: 1
Xe _E
Thenf (x) = 0.00421 > 0. Bukt(x,) < 0.
.. the root lies betweexg =1.10937 an(zt6 =1.117109.

(1.10937 + 1.125) = 1.11719

1
Thus the seventh approximation to the roo:g:'-sz (2.10937 +1.11719) = 1.11328

Hence the desired approximation to the root is 1.11328.



In this method, instead of taking two initial rough approximations to thexreet as in
the previous two methods, a single rough approximatjém the root is taken. Then we use the

following formula, known as Newton-Raphson formula or Newton iteration formula, to get the
successive approximations.

_y _10%)
Xn+l Xn fl(Xn) ...... (1)
Putting n=0,1,2, ...cccevvvnnne etc. in the above formula (1), we get the first, second, third

approximations as follows.
_, _ )
SRR
L f()
FH(x)
_ ., _ (%)
BT,

This method is useful in cases of large values'@) i.e., when the graph éf(x) while
crossing the x-axis is nearly vertical.

The process of finding successive approximations to the rooix(j.g,, x, etc.) may be
continued till the root is found to desired degree of accuracy.

Example — 4 :
Find by Newton’s method, a root of the equati®n 3 + 1= 0 correct to 3 decimal places.
Solution :
Let f()=x-X+1
f)-1-3+1=-1
f2)=2-32+1=8-6+1=3
= The root off (x) lies between 1 & 2



Letx, = 1.5, Alsof (x) = 3x*— 3
Newton’s formula gives

_, 2 f06) o _0g—3%,+1)
Xn+1 Xﬂ fl(xn) )% 2X§_3
_3 -3, -3+ 3 —1_2x -1
3x2 -3 3x2 -3 (1)

Putting n = 0 in (i), the first approximationis given by

_2%-1_2x(15f-1_ 2x3.375 1 5.75 1 £as
3% -3 3x(1.5f-3 3x225-3 375

Putting n = 1 in (i), the second approximatigns given by

_2¢-1_2x(1533f~1 2x3.6026- 1 6.2052 .,
3x-3 3x(1.533j- 3 3x2.35-3 4.05
Example — 5:
Find the Newton’s method, the real root of the equation 8osx + 1
Solution :
Let f(x) = X —cosx—1
f(0)=-2 =-vef (1) =3 -0.5403 — 1 = 1.4597 + +ve
So a root of(x) = 0 lies between 0 and 1. It is nearer to 1. Let usxakeD.6.
Also f(x) = 3 + sinx
.. Newton’s iteration formula gives

_ () _, _3%x,—cosx,—1_xsinx +cosx+1
%1 =% f'(x)) % 3+sinx, 3+sinx, (1)

Putting n = 0, the first approximationis given by

_ X, SIN X, + COSX, + 1_(0.6)sin(0.6)+ cos(0.6) 1
3+ sinx, 3sin (0.6)

_ 0.6x 0.5729% 0.82538 20.6071
3+0.5729

Putting n = 1 in (i), the second approximation is

_XsSinx +cosx+ 1 0.6071sin(0.607# cos(0.60A4) 1
3+ sinx; 3+ sin (0.6071)

0.607% 057048 0.8218 1
= £0.6071 -
3+0.57049 Clearly.x, =,

Hence the desired root is 0.6071 correct to four decimal places.




Assignment
Find a root of the following equations, using the bisection method correct to three decimal
places.
@ x*-x-11=0
(b) x¥*-x-10=0
Find by Newton-Raphson method, a root of the following equations correct to 3 decimal
places.

@x-Xx+1=0
(b)E¢-—H+8=0
Using Newton-Raphson method to evaluate the following

@ 3 (0) Ja1



